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נושאים מתוכנניםפרק

A . פייתוןיסודותמודל הזיכרון, פונקציות, לולאות, משפטי תנאי, משתנים,טיפוסי ערכים: תכנות בסיסי

ופונקציות  , למבדאפונקציות , פייתוןדקדוקים פורמליים ותהליך הפירוש של :נושאים נוספים

"נכון"סגנון תכנות , (זמן ריצה, תחביר)סוגי שגיאות , אקראיות ושימושיה,סדר גבוה

B .ייצוג טיפוסי מידעייצוג שלמים בשיטה הבינארית

 ייצוג מספרים עם נקודה עשרונית בשיטתfloating point

 ייצוג תווים(ASCII ,Unicode)

C .אלגוריתמים בסיסיים וסיבוכיותמיזוג רשימות ממוינות, מיון בחירה, חיפוש בינארי

סיבוכיות ו-O notation

D .חישוב נומרי רפסון-שיטת ניוטון: בעברמציאת שורש של פונקציה ממשית רציפה בשיטת החציה,

𝜋קירוב ל, ואינטגרליםחישוב נגזרות 

E .  רקורסיהנוספותדוגמאות , ממואיזציה, מיון מיזוג, מיון מהיר, חיפוש בינארי, י'פיבונאצ, עצרת

F .נושאים בתורת המספריםטבעית בשיטת העלאה בחזקהIterated squaring

 (המשפט הקטן של פרמה)בדיקת ראשוניות הסתברותית

 פרוטוקולDiffie-Hellmanלהחלפת מפתח סודי

 מחלק משותף מקסימלי(GCD)

G . תכנות מונחה עצמים(OOP ) ומבני נתוניםשדות ומתודות, מחלקות

 פייתוןרשימות מקושרות והשוואה לרשימות של

עצי חיפוש בינאריים

 טבלאותhash

 זרמים(streams )ופונקציות גנרטור

H .  טקסט אלגוריתםCYKרבין-קארפאלגוריתם : בעבר

 דחיסת למפל זיו, האפמןדחיסת

I .  ייצוג ועיבוד תמונהנושאים נוספים לפי הזמן, (ממוצע וחציון מקומי)ניקוי רעש , ייצוג תמונה דיגיטלית

J .  קודים לגילוי ולתיקון שגיאותהאמינגקוד , האמינגמרחק, ביט זוגיות, קוד חזרה, ספרת ביקורת

You 
are 

here
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Recursion

(taken from http://www.dominiek.eu/blog/?m=200711)



Recursion
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Recursion: Plan for the Next 3 Lectures

• Definition and basic examples
• Factorial (עצרת)

• Fibonacci

• Recursive binary search

• Sorting
• Quick-Sort

• Merge-Sort

• Towers of Hanoi (and the “monster of Hanoi”)

• Improving recursion with memoization

• An example from Game theory – Chomp! (removed this semester)
5



First Example: Factorial

• A simple example is the following function that computes the 
factorial of a natural input number, 𝑛! = 𝑛 ⋅ 𝑛 − 1 ⋅ … ⋅ 2 ⋅ 1
• It is convenient to define 0! = 1

• First, let us implements this with a simple loop:

def factorial_loop(n):

res = 1

for i in range(2,n+1):

res *= i

return res

>>> factorial_loop(5)

120
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Recursion: Definition and First Example

• A function whose definition contains a call to itself, is termed recursive. 

• Observe that 𝑛! = 𝑛 ⋅ 𝑛 − 1 !, for 𝑛 ≥ 1.

• This can be coded in Python, using recursion, as follows:

def factorial_rec(n):

if n==0: 

return 1

else: 

return n * factorial_rec(n-1)

• Sanity check:
>>> [factorial_loop(i) == factorial_rec(i) for i in range(10)]

[True, True, True, True, True, True, True, True, True, True]
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x = factorial_rec(2)

factorial_rec(2)

if n==0:

return 1

return n * factorial_rec(1)

factorial_rec(1)

if n==0:

return 1

return n * factorial_rec(0)

factorial_rec(0)

if n==0:

return 1

1

2

1

n=2

n=1

n=0

What Happens at Run Time?

• Here is a record of the execution for factorial(2):

See also:
http://tinyurl.com/nhmx5swh

http://tinyurl.com/nhmx5swh


Time Complexity

• Let us compare the two versions.

• factorial_loop(n)performs 𝑂(𝑛) iterations

• factorial_rec(n) performs 𝑂(𝑛) function calls

• What about the work done in each iteration / call?
• In terms of arithmetic operations, both versions perform the exact same 

computations, so for the sake of comparison we may ignore them

• Note, however, that the numbers being multiplied grow along the 
process, and therefore the analysis of the time complexity it terms of bit 
operations is not trivial



Time Measurements
• Measuring actual running time for 100000 executions to compute 50! We get 

the following results in seconds:

factorial_loop

0.4508708

factorial_rec

0.8979142

• The recursive version is twice as slow. 

• This is because each function call requires some maintenance operations 
(setting up a new environment in memory).

• Typically, there is a substantial overhead to using recursion.

• In this example (factorial) it is totally unjustified to use recursion, and we 
merely used it as a simple first example for recursion. 

• However, a non-recursive implementation is not always so easy to find, and we 
will see cases in which a recursive solution is much much easier to develop.



Fibonacci Numbers
• A second simple example are the Fibonacci numbers:

𝐹0 = 1, 𝐹1 = 1, 

and for 𝑛 > 1, 𝐹𝑛 = 𝐹𝑛−1 + 𝐹𝑛−2

• The first few Fibonacci numbers are 1, 1, 2, 3, 5, 8, 13, 21, 34, 55,…

• A function that computes the 𝑛’th Fibonacci number can be 
programmed in Python, using recursion:

def fibonacci(n):

if n<=1:

return 1

else:

return fibonacci(n-1) + fibonacci(n-2)

• Sanity check:
>>> [fibonacci(n) for n in range(10)]

[1, 1, 2, 3, 5, 8, 13, 21, 34, 55]11



Recursion Trees
• Recursion trees are a common visual representation of a recursive process.

• For example, here is the recursion tree for fibonacci for n=6:

12



Order of Execution

• Note the order of execution as animated in the following gif:

13

https://commons.wikimedia.org/wiki/File:Fibonacci_call_tree_5.gif

https://commons.wikimedia.org/wiki/File:Fibonacci_call_tree_5.gif


Fibonacci Recursion Tree
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• This tree hints for the inefficiency of our implementation, due to 
unnecessary repeating calls with the same input over and over. 

• We will get back to this issue later.



Recursion Tree Notions 
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Nodes
• Nodes represent instances 

of function calls. 
• Each node specifies the 

input size for that call.



Recursion Tree Notions 
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Edges

• Edges represent function 
calls



Recursion Tree Notions 
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Parent

Child 



Recursion Tree Notions 
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Root: top-most node (no parent)

Corresponds to initial function call



Recursion Tree Notions 
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Root: top-most node (no parent)

Corresponds to initial function call

Leaves: no children
Correspond to halting of recursion



Recursion Tree Notions 
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Tree depth = 5
(length of longest root-to-leaf path)
Corresponds to maximal number of recursive calls that are simultaneously open



Comments on Recursion Trees
• By convention, the order of calls from each node is from left to right.

• Two special types of nodes in the tree:
• the root of the tree (a node without a parent), which represents the initial call; 
• a leaf (a node without children), where recursion stops. 

• There is exactly one root, but there can be many leaves.

• Recursion trees enable a better understanding of the recursive process, 
complexity analyses, and may help designing recursive solutions. 

• Two important notions in this context are:
• Time complexity: the total amount of time spent in the whole tree.
• Recursion depth: the maximal length of a path from root to leaf. This is also the 

maximal number of recursive calls that are simultaneously open.
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Recursion and Convergence
• At first sight, one may suspect that recursive definitions like 

these will lead nowhere. Or in other words, that they are cyclical 
and will never converge. This surely is not the case, and for 
specific instances one can simply run the code and get the 
(correct) answers.

• There are two keys to ensure convergence of recursive functions:
1. Have a base case (one or more), which is the halting 

condition (no deeper recursion). 
- In the factorial example, the base case was the condition n==0. 
- In the fibonacci example, it was n<=1.

2. Make sure that all executions, or “runs", of the recursion, will 
actually reduce to these base cases.

22



Recursion and Convergence

• Recursive definitions that are seemingly proper may in fact 
diverge (lead to an infinite recursion), due to unforeseen 
conditions in which the base cases are never reached. 

• Consider, for example, the factorial function:

>>> factorial(1.9)

>>> factorial(-1)

• Both lead to an infinite sequence of recursive calls.

• How would you fix it? Does it need fixing in the first place?

23
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Comic Relief *

אני מזמין אתכם לשלוח לי הצעות לתמונות שיופיעו על שקפים אלו לאורך הסמסטר* 



Binary Search, Revisited

• Not so long ago we saw an iterative version of binary search:
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def binary_search(lst, key):

""" iterative binary search. lst must be sorted """

n = len(lst)

left = 0

right = n-1

while left <= right :

mid = (right + left)//2 # middle rounded down

if key == lst[mid]:      # item found

return mid

elif key < lst[mid]:  # item not in top half

right = mid-1

else:                # item not in bottom half

left = mid+1

#print(key, "not found")

return None



Binary Search, Recursively
• Here is a recursive implementation of the same task. 

• This code follows the iterative code closely. It passes the list, key, and in 
addition two indices (left, right) that indicate the sub-list to which the 
search is limited at each step.
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def rec_binary_search(lst, key, left, right):

""" recursive binary search.

passing lower and upper indices """

if left > right: # no more recursion

return None

mid = (left + right)//2

if key == lst[mid]:

return mid

elif key < lst[mid]: # item cannot be in top half

return rec_binary_search(lst, key, left, mid-1)

else:                # item cannot be in bottom half

return rec_binary_search(lst, key, mid+1, right)



Time Complexity

• The recursive version of binary search calls itself with an input half the 

size of the previous call: 𝑛 →
𝑛

2
→

𝑛

4
→ ⋯ → 0. 

• Therefore, it performs 𝑂(𝑙𝑜𝑔𝑛) recursive calls altogether. 

• Assuming the numbers compared and the indices updated in each 
recursive call are not too large, each call spends 𝑂 1 time.
• Note, this assumption was made in the analysis of the old version as well

• In total, the time complexity is 𝑂 𝑙𝑜𝑔𝑛 , like the old iterative version. 
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Time Measurements

• Time measurements for 10000 executions of binary search on a 
(sorted) list of size 𝑛 = 100 in the worst case (element not found):

• Iterative (old version): 0.279320936475969

• Recursive: 0.4138023609301591

• So the recursive version is almost 50% slower. A similar behavior was 
evident with the factorial iterative vs. recursive functions. Here, too, 
there is no good reason to use recursion beyond the pedagogical one.
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Envelope Functions

• The formal parameters left, right are merely there for 
administrative reasons (controlling the sub-list range), and are 
not part of the problem’s input

• Therefore, a “nicer” alternative is to use an envelope function
• Hides unnecessary data from the calling environment 
• “sets the stage” for the “real” recursive function
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def env_binary_search(lst, key):

""" calls recursive binary search

lst better be sorted """

n = len(lst)

return rec_binary_search(lst, key, 0, n-1)


