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Chapter and Current Lesson Plan

* Basic algorithms:

e Searchingin a sorted sequence using “Binary Search”



Search

Search has always been a central computational task. In early days,
search supposedly took one quarter of all computing time.

The emergence and the popularization of the world wide web has
literally created a universe of data, and with it the need to pinpoint
information in this universe.

Various search engines have emerged, to cope with this challenge.
They constantly collect data on the web, organize it, index it, and store
it in sophisticated data structures that support efficient (fast) access,
resilience to failures, frequent updates, including deletions, etc., etc.

In this class we will deal with two, much simpler search algorithms:
* Sequential search
* Binary search



Search in a Sorted Input

s The computational problem:
= |Input: a sorted sequence of elements, and some value called key
= Qutput: an index of an element in the list with the given key (if exists)

= Naive solution:

sequential search(lst, key):
i range (len(lst)) :
lst[i] == key :
i

# we get here when key is not in list

m Efficiency: how many iterations in the worst and best cases,

. as a function of the list size, n?



Improved Sequential Search

= Note we did not make any use of the input list being sorted.

= Improved solution?

sequential search improved(lst, key):
i range (len (lst)) :
1st[i] == key :
i
1st[i] > key :

# we get here when key is not in list

= Alternatively, we could use a loop with the condition
1 < len(lst) Ist[1] <= key

s Does this have any effect on the efficiency?



Sequential vs. Binary Search

For unordered lists of length 7, in the worst case, a search operation
compares the key to all list items, namely n comparisons.

On the other hand, if the n element list is sorted, search can be
performed much faster. We first compare input key to the key of the
list's middle element, an element whose index is |(n — 1)/2].

e |[f the input key equals the middle element’s key, we return the
middle element and terminate.

e |[f the input key is greater than the middle element’s key, we can
restrict our search to the top half of the list (indices from
(n—1)/2] +1ton—1).

e If the input key is smaller than the middle element’s key, we can
restrict our search to the bottom half of the list (indices from 0

to [(n—1)/2] —1).

Each time we either terminate or cut the remaining search interval by
half. This is why this process is termed binary search.



Animated Example - success

Searching for the existing Item, 18

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

A|3|4|5|6|9|10|13|16|18|20|22|28|29(31(32|33|40|42|47|48|50|52

10



Animated Example - success

Searching for an existing key: 18

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

A|3|4|5|6|9|10|13|16|18|20|22|28|29(31(32|33|40|42|47|48|50|52

I ! [

left mid right

A[mid] ==22 > 18
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Animated Example - success

Searching for an existing key: 18

O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
Al 3] 4|5 9 [10|13|16(18|20| 22|28 |29 |31 |32(33|40|42|47]|48|50] 52
left mid right

A[lmid] ==9< 18
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Animated Example - success

Searching for an existing key: 18

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

A|3|4|5|6|9|10|13|16|18|20|22|28|29(31(32|33|40|42|47|48|50|52

It 1

left mid right

A[mid] == 16 < 18
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Animated Example - success

Searching for an existing key: 18

O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
A 45| 6 1013|1618 |20 (22| 28|29 (31 |32|33|40|42|47]|48|50]52
left right
mid
Found!

A[lmid] == 18
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Animated Example - failure

Searching for an missing key: 17

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

A|3|4|5|6|9|10|13|16|18|20|22|28|29(31(32|33|40|42|47|48|50|52
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Animated Example - failure

Searching for an missing key: 17

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

A|3|4|5|6|9|10|13|16|18|20|22|28|29(31(32|33|40|42|47|48|50|52

I ! [

left mid right

Almid] ==22 > 17
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Animated Example - failure

Searching for an missing key: 17

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

A|3|4|5|6|9|10|13|16|18|20|22|28|29(31(32|33|40|42|47|48|50|52

I ! [

left mid right

Almid] ==9< 17
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Animated Example - failure

Searching for an missing key: 17

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

A|3|4|5|6|9|10|13|16|18|20|22|28|29(31(32|33|40|42|47|48|50|52

It 1

left mid right

Almid] == 16 < 17
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Animated Example - failure

Searching for an missing key: 17

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

A|3|4|5|6|9|10|13|16|18|20|22|28|29(31(32|33|40|42|47|48|50|52

[ 1
Tg
mid

Almid] == 18 > 17
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Animated Example - failure

Searching for an missing key: 17

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

A|3|4|5|6|9|10|13|16|18|20|22|28|29(31(32|33|40|42|47|48|50|52

11

right left

T

mid

Almid] == 18 > 17
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Animated Example - failure

Searching for an missing key: 17

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

A|3|4|5|6|9|10|13|16|18|20|22|28|29(31(32|33|40|42|47|48|50|52

11

right left

T

mid

Not Found!
left > right
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Binary Search — the Algorithm




Binary Search — Python Code

binary search(lst, key):

""" lst better be sorted for binary search to work """
n = len(lst)

left = 0

right = n-1

left <= right:

mid = (left+right)//2 # middle rounded down
key == 1lst[mid]: # item found
mid
key < lst[mid]: # item not in top half

right = mid-1
: # item not 1in bottom half
left = mid+1

#fprint (key, "not found")
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Time Analysis of Binary Search

At each stage, we either
* terminate (if the key is found) or
e cut the size of the remaining list by ~half.

In the worst case (in terms of running time) the key is not in the list

We start with an ordered list of size n

If key not found, we continue with a sub-list of length at most E‘

If key not found again, we have a sub-list of size at most Ug—J‘ = E‘

After i iterations sub-list size is at most {%‘
Termination when left>right, which means:

{%‘zO -> %<1 = i>logy,n

So the total number of iterations is the smallest integer i > log, n,

namely |log, n| + 1. o



|llog, n] + 1 Visits Again

So we need |[log, n| + 1 iterations in the worst case for
binary search in a list of size n.

Does that expression remind you of anything?
Can you explain this?
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Binary Search —
Worst Case Actual Time Measurements

time, random

REPEAT = 20 #repeat execution several times, for more significant results
f [sequential search, binary search]:
print (f. name )
n [LOw=G, 2~L0w=G, 4A~L0w~G] g

print ("n=", n)

L = [1 i range (n) ]
key = random.randrange(-1,n)+ 0.5
— why?
t0 = time.perf counter()
i range (REPEAT) :

res = £ (L, key)
tl = time.perf counter()

print ("time for", REPEAT, "executions:", (tl1l-t0))
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Worst Case Actual Time Measurements

sequential search
n= 1000000

time for 20 executions:

n= 2000000

time for 20 executions:

n= 4000000

time for 20 executions:

binary search
n= 1000000

time for 20 executions:

n= 2000000

time for 20 executions:

n= 4000000

time for 20 executions:

.1663285

.2578393000000005

.5683432999999996

.840000000060911e-05

.00014649999999960528

.00015880000000123573

 How would the results change if we searched an element that exists in the list?
Does it depend on where in the list the element is found?
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Logarithmic vs. Linear Time Algorithms
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s Logarithmic:input X 2 - time + constant
m Linear:input X 2 =2 time X 2 (approximately)
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