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Lecture 8b: Plan 

 

• Expressions vs. statements in Python 

 

• Lambda expressions (anonymous functions) 

 

• High order functions 

• The examples of numerical derivatives and integrals.  
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And Now for Something Completely Different:  
Lambda (𝜆) Expressions 
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.זו הזדמנות לקפוץ חזרה על הרכבת, מי שהלך קצת לאיבוד. שקף עם כותרת זו יישמש להדגשת המעבר בין נושאים שונים בקורס*   

אנו מזמינים אתכם לשלוח לנו הצעות לתמונות שיופיעו על שקפים אלו**   

 

 באדיבות יונתן ועדי  

 (בעבר סטודנטים בקורס)



Expressions vs. Statements in Python 

• An expression is anything that "has a value". Anything that can be the right hand 
side of an assignment (e.g., res=… ).  

• Expressions are combined to larger expressions by operators 

 
>>> 3+4 

5 

>>> x>y 

False 

>>> x>y and “A” in “Amir” 

False 

>>> min([1,2,3,4,5]) 

1 

>>> [x**2 for x in [1,2,3] if x-1 != 0]    #list 

comprehension 

[4,9] 

>>> "equal" if x==4 else "not equal“    #if expression 

'equal' 

 

• A statement is a code segment that performs some action, and does not “have a 
value”: assignments, loops, conditional statements, functions definitions 4 



λ Expressions (and λ Calculus) 
• Lambda expressions, which we’ll now see, are expression 

whose value is of type function 

 

• The λ (lambda) calculus was invented by Alonzo Church  
(1903-1995). Church was one of the great 
mathematicians and logicians of the twentieth century. 
Lambda calculus was one of several attempts to capture 
a mathematical notion of computing, long before actual 
computers existed. 

 

• You will meet him (Church) at least once more in your 
studies, when you get to the famous Church-Turing thesis  
in the Computational Models course. 
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(photo from Wikipedia) 



λ Expressions 

• In the current context, we will concentrate on λ expressions:  
These have the form  λ x1 x2 … xk : some_expression 

 

• λ x1 x2 … xk : some_expression is an expression of type function 

 

• Such a λ expression represents an “anonymous function ''.  
• The arguments are the x1 x2 … xk  (k≥0) 

• The  expression on the right is the body of the function, which is to be 
executed with the actual values supplied upon calling the function. 

• This construct does not have any explicit name. Thus it is an 
“anonymous'' function. 

• The function can be applied and executed 
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An Example Please? 
• Given the three coordinates 𝑥, 𝑦, 𝑧  in Euclidean 3D space, the length of 

the vector going from (0,0,0)  to (𝑥, 𝑦, 𝑧)  is 𝑥2 + 𝑦2 + 𝑧2. 
 

• In Python, this can be defined as following: 
 def euclid(x,y,z): 

       return (x**2 + y**2 + z**2)**0.5 

 

 >>> type(euclid) 

 <class 'function'> 

 >>> euclid 

 <function euclid at 0x00000000037BF158>  

 >>> hex(id(euclid)) 

 '0x37bf158' 

  >>> euclid(2,3,4) 

 5.385164807134504 

 

• So euclid is an object of type function, placed in the computer’s 
memory just like any other object. 
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38.529423222 



An Example (cont.) 
• So we have: 
 def euclid(x,y,z): 

       return (x**2 + y**2 + z**2)**0.5 

  

• An alternative way to define this function would be: 
 

 >>> euclid2 = lambda x,y,z: (x**2 + y**2 + z**2)**0.5 

 

 >>> type(euclid2) 

 <class 'function'>  

 >>> type(lambda x,y,z: (x**2 + y**2 + z**2)**0.5) 

 <class 'function'>  

 >>> lambda x,y,z: (x**2 + y**2 + z**2)**0.5 

 <function <lambda> at 0x170b150> 

 
• The Python Shell  informed that this is a function. 
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λ Expressions as anonymous functions 
 

 

 >>> euclid2 = lambda x,y,z: (x**2 + y**2 + z**2)**0.5 

 

 
• This function can subsequently be applied (“called”): 

 

 >>> euclid2(2,3,4) 

 5.385164807134504 

 

• We can also use a function without a name (notice the extra 
parenthesis): 

 

 >>> (lambda x,y,z: (x**2 + y**2 + z**2)**0.5)(2 ,3 ,4) 

 5.385164807134504 
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Ahmm…Why Should We Care?? 
• We saw we could define 

 >>> euclid = lambda x,y,z: (x**2 + y**2 + z**2)**0.5 

 

But then def euclid(x,y,z): 

         return (x**2 + y**2 + z**2)**0.5 

does exactly the same. 

 

• So what are these weird, cumbersome λ expression good for in our 
context?  

 1) A nice way to define short, simple functions 

2) A way to define anonymous functions, which we do not intend to 
ever call directly.  

 This is convenient when dealing with higher order functions, 
which is our next topic. 
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High Order Functions 
• In mathematics and computer science, a higher-order function is 

a function that does at least one of the following: 

 

1) takes one or more functions as arguments  

 

2) returns a function as its result 

 

 

• All other functions are termed first-order functions. 
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The Derivative as a High Order Function 

• As you surely recall, the derivative of  f  at point x  is defined by  
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The Derivative as a High Order Function 
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• We want to define a Python function diff that receives a  function f 
as its input argument and produces the function f’  (the derivative 
of f ) as its returned value.  
 

• So, this diff  is a “high order function''. For Python this is nothing 
unusual. 
 

• We cannot compute the limit as h → 0, so we compute the value 
at some small h. 

 
  

def diff(f): 

  """ Returns the derivative of a 

         one parameter real valued function f. """ 

    h = 0.001 

  return (lambda x: (f(x+h)-f(x))/h) 



Derivative (cont.) 
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• On input  f ,  diff(f ) returns another Python function. 
• This new functions is a numeric approximation to the derivative of 𝑓. 

 
>>> diff(lambda x: x**3)   # derivative of f(x)=x**3 

<function <lambda > at 0x300d978 >  # outcome of diff 

 

 

>>> diff(lambda x: x**3)(5) # apply the resulting 

75.01500100002545          function to 5 

 

• Of course, we could also define lambda x: x**3  as a “regular” function: 
  >>> def cube(x): 

  return x**3 

  >>> diff(cube)(5)  

  75.01500100002545 



The Derivative as a High Order Function 
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   is equivalent to 

def diff(f): 

  """ Returns the derivative of a 

         one parameter real valued function f. """ 

    h = 0.001 

  return (lambda x: (f(x+h)-f(x))/h) 

def diff2(f): 

  """ Returns the derivative of a 

         one parameter real valued function f. """ 

    h = 0.001 

     def blabla(x): # a new, inner function 

        return (f(x+h)-f(x))/h 

 

     return blabla 



Default Parameters' Values  
• So far, we assumed that  h=0.001 is small enough for our needs. 
• This may be OK in most cases, but for highly variable functions, the 

outcome may be very inaccurate  .  
 

• As a specific (and somewhat artificial) example, consider the 
function 𝑠𝑖𝑛(106 ∙ 𝑥). Its derivative is 106 ⋅ 𝑐𝑜𝑠 (106 ∙ 𝑥). 

     so at 𝑥 = 0 its value is 106 ∙
cos (0)  = 106.      

 
 def sin_by_million(x): 

        return math.sin(10**6*x) 

 

 >>> diff(sin_by_million)(0) 

 826.8795405320026 #??? 

 
• diff(sin_by_million)(0)  should be approximately  106  !! 
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Default Parameters' Values  

• 826.8795405320026  is, ahhm, not even close to 106=1,000,000. 
The reason for this discrepancy is that  h=0.001 is usually small 
enough, but it is way too big for sin_by_million  .  
 

• We already saw that Python provides a mechanism of default 
values for parameters  .  

• This let us use a predetermined value as a default parameter, yet 
use different values when we deem it necessary. We recommend  
you explicitly specify the original parameter name when setting 
such a different value (even though in some cases, for example 
with a single default parameter, this is  not required  by Python) 

 
def diff_param(f, h=0.001): 

   #when h not specified, default h=0.001 is used 

   return (lambda x: (f(x+h)-f(x))/h( 
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Short digression: 
Optional and Named Parameters in Python 

• Optional parameter: a function can define default value for a parameter, 
which is used when a call omits this parameter . 

• Arguments may be passed in any order by using named parameters. They 
can be combined with positional parameters - positional parameters first. 

• Example: 

 

  def f(a, b=1, c=2): 

          return a + 2*b + 3*c 
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>>> f(4 ,5 ,6) 

32 

>>> f(4 ,5) 

20 

>>> f(4) 

12 

>>> f(4, b=5) 

20 

>>> f(4, c=3) 

15 

>>> f(c=3, a=4) 

15 

>>> f(b=5, a=4, c=6) 

32  



Generalized Implementation with Default ℎ 

def diff_param(f, h=0.001): 

   #when h not specified, default h=0.001 is used 

   return (lambda x: (f(x+h)-f(x))/h( 

 
• We can now apply this mechanism with different degrees of resolution  .  

>>> diff_param(sin_by_million)(0) 

826.8795405320026  # no h specified - default h used 

>>> diff_param(sin_by_million ,h =0.001)(0) 

826.8795405320026  # parameter equals the default h 

>>> diff_param(sin_by_million ,h =0.00001)(0) 

-54402.11108893698 # smaller and smaller h 

>>> diff_param(sin_by_million ,h =0.0000001)(0) 

998334.1664682814  # better and better accuracy for derivative 

>>> diff_param(sin_by_million ,h =0.000000001)(0) 

999999.8333333416 

>>> diff_param(sin_by_million ,h =0.000000000001)(0) 

999999.9999998333  # indeed almost 1000000 , as expected 

 
• However note that real numbers (type  float  in Python) have a limit on 

accuracy.  A value that is too small will be interpreted as zero  .  
19 



 

 

 

 

Next Class … 
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Numeric vs. Symbolic Differentiation 
def penta(x): 

     return x**5 

 

>>> diff(penta)(2) 

80.0800400099888             # 5*2**4=80 

>>> diff_param (penta ,h=0.0000001)(5) 

3125.000134787115            # 5*5**4=3125 

 
• You may argue that such an outcome is not what we are really  

after. 
• penta (x)=x5, so the derivative should produce penta’(x)=5x4  .  
• Likewise, we may want to get sin(x)’ = cos(x) 
• The diff operator we defined is numerical. It transforms a 

“numeric'' function into a different “numeric'' function. 
• It is very different from  symbolic differentiation , alluded to 

above. 
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Definite Integrals 
• Let f: R → R  be a real valued function.  

 

• Under some mild conditions (e.g  piecewise continuity), its  

     definite integral 
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between points 𝑎, 𝑏 is defined  
as the signed area between the 
curve of 𝑓(𝑥) and the 𝑥-axis. 

 

 

 

 


