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Lectures 10-12: Plan
• Recursion: basic examples and definition

• Fibonacci
• factorial

• Binary search - revisited

• Sorting
• Quick-Sort
• Merge-Sort

• Towers of Hanoi

• Improving recursion with memoization
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Towers of Hanoi (Reminder)
• There are three rods, named A, B, C, and n disks of 

different sizes which can be placed onto any rod. 
• The puzzle starts with all n disks in a stack in 

ascending order of size on one rod, say A, so that 
the smallest is at the top (see figure).
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Towers of Hanoi (Reminder)
• The objective of the puzzle is to move the entire stack of all 

n disks to another rod, say C, obeying the following rules:
• Only one disk may be moved at a time.
• Each move consists of taking the upper disk from one of the rods 

and sliding it onto another rod, on top of the other disks that may 
already be present on that rod.

• No disk may be placed on top of a smaller disk.
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Towers of Hanoi (Reminder)

5 A

Move top tower from A to B 
using C as helping rod

Move top tower from A to B 
using C as helping rod

Move one disk from A to C

B C



Towers of Hanoi: Code (Reminder)
• We have set n == 0 as the base case of the recursion (in that case, None is 

returned, and the recursion stops). 
• Every positive value of n results in two recursive calls with n-1, and one print 

(corresponding to the move of the bottom disc at the current recursion 
level).
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def HanoiTowers(start, via, target, n):
""" computes a list of discs steps to move a stack 

of n discs from rod "start" to rod "target" 
employing intermediate rod "via" 

"""
if n>0:

HanoiTowers(start, target, via, n-1)
print("disk", n, "from", start, "to", target)
HanoiTowers(via, start, target, n-1)



Towers of Hanoi: Runs (Reminder)
>>> HanoiTowers("A", "B", "C", 1)
disk 1 from A to C

>>> HanoiTowers("A", "B", "C", 2)
disk 1 from A to B
disk 2 from A to C
disk 1 from B to C

>>> HanoiTowers("A", "B", "C", 3)
disk 1 from A to C
disk 2 from A to B
disk 1 from C to B
disk 3 from A to C
disk 1 from B to A
disk 2 from B to C
disk 1 from A to C
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Towers of Hanoi: Number of Moves
• Let us denote by !(#) the number of moves required to 

solve an # disc instance of the puzzle.
• In the recursive solution outlined above, to solve an # discs 

instance we solve two instances of # − 1 discs, plus one 
actual move. This gives us the recursive relation

!(0) = 0
For # > 0,  !(#) = 2 + !(# − 1) + 1

whose solution is !(#) = 2# − 1 (You should be able to verify 
the last equality, using recursion trees or induction.)
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Time Complexity analysis

• We claimed that the number of moves 
required to solve an instance with n disks is 
!(#) = 2# − 1. Our program generates such 
a list of disk moves. It runs in )(!(#)) time = 
) 2# .

• The recursion depth here is “just" )(#). But 
the size of the recursion tree is )(2#), which 
is exponential in #.
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Optimality of Number of Moves

• Hey, wait a minute.  !(#) = 2# − 1 is the number 
of moves in the solution presented above. Can't 
we find a more efficient solution?

• This is very good thinking in general. 
• But in this case, we can argue that !(#) = 2# − 1

moves are required from any solution strategy. 
(Of course, more inefficient strategies do exist).

• Can you explain why?
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Towers of Hanoi Nightmare
Suppose a monster demanded to know what the 397 + 19 ‘th
move in an n = 200 disk Towers of Hanoi puzzle is, or else . . . .
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Towers of Hanoi Nightmare
Suppose a monster demanded to know what the 397 + 381 ‘th
move in an n = 200 disk Towers of Hanoi puzzle is, or else . . . .

Having seen and even understood the material, you realize
that either expanding all '(200) = 2-.. − 1moves, or even just 
the first 397 + 381, is out of computational reach in any 
conceivable future, and the monster should try its luck elsewhere.

You eventually decide to solve this new problem. The first
step towards taming the monster is to give the new problem a 
name:

hanoi_move(start, via, target, n, k)
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Towers of Hanoi Nightmare
To compute the !-th move in an " disk Tower of Hanoi puzzle, we recall 
the solution of the Tower of Hanoi puzzle, and think recursively:

The solution to HanoiTowers(start,via,target,n) takes
2" − 1 steps altogether (so 1 ≤ ! ≤ 2" − 1), and consists of three 
(unequal) parts.

- In the first part, which takes 2'() − 1 steps, we move n-1 disks. 
If  1 ≤ ! ≤ 2'() − 1 the move we are looking for is within this part. 

- In the second part, which takes exactly one step , we move disk 
number ". If ! = 2'() this is the move we want. 

- In the last part, which again takes 2'() − 1 steps, we again move n-1
disks. If 2'() + 1 ≤ ! ≤ 2" − 1 the move is within this part, and is 
the   ! − 2'() ‘th move of this part.
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Hanoi Monster - Code
def hanoi_move(start, via, target, n, k):

""" finds the k-th move in Hanoi Towers with n disks """

if n<=0:
print("zero or fewer disks")

elif k<=0 or k>=2**n or type(k)!=int:
print("number of moves is illegal")

elif k==2**(n-1):
print("disk", n, "from", start, "to", target)

elif k < 2**(n-1):
hanoi_move(start, target, via, n-1, k)

else:
hanoi_move(via, start, target, n-1, k-2**(n-1))

Note the roles of the rods, as in the HanoiTowers function.
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Recursive Monster Code: Executions
We first test it on some small cases, which can be verified by 
running the HanoiTowers program.

>>> hanoi_move("A","B","C“ ,1,1)
'disk 1 from A to C'
>>> hanoi_move("A","B","C“ ,2,1)
'disk 1 from A to B'
>>> hanoi_move("A","B","C“ ,2,2)
'disk 2 from A to C'
>>> hanoi_move("A","B","C“ ,3,7)
'disk 1 from A to C'
>>> hanoi_move("A","B","C“ ,4,8)
'disk 4 from A to C'

Once we are satisfied with this, we solve the monster's question.
>>> hanoi_move("A","B","C“ ,200,3**97+381)
'disk 11 from B to C'  #saved!
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Recursive Monster Solution and Binary 
Search

• The recursive hanoi_move(start,via,target,n,k) makes at most 
one recursive call.

• The way it “homes" on the right move employs the already 
familiar paradigm of binary search: it first determines if move 
number k is exactly the middle move in the n disk problem. If 
it is, then by the nature of the problem it is easy to exactly 
determine the move.

• If not, it determines if the move is in the first half of the 
moves‘ sequence (k < 2n-1) or in the second half (k > 2n-1), and 
makes a recursive call with the correct permutation of rods.

• The execution length is linear in n (and not in 2" − 1, the 
length of the sequence of moves).
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Binary Search
• We have already seen binary search and realized it is widely applicable (not 

only when monsters confront you). We can use binary search when we look 
for an item in a huge space, in cases where that space is structured so we 
could tell if the item is

1. right at the middle,
2. in the top half of the space,
3. or in the lower half of the space.

• In case (1), we solve the search problem in the current step. In cases (2) and 
(3), we deal with a search problem in a space of half the size.

• In general, this process will thus converge in a number of steps which is log2 of 
the size of the initial search space. This makes a huge difference. Compare the 
performance to going linearly over the original space of 2n - 1 moves, item by 
item.

• The binary search idea is also known as lion in the desert idea.
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Thoughts about Recursion
• Recursion often provides a natural solution (algorithm) 

to given problems.
• Designing recursive algorithm is not easy
• Usually follow a recursive definition of the underlying objects

• Are recursive algorithms efficient or costly?
• Can we improve the complexity of recursive algorithms?
• With/without eliminating the recursion

• More on this next time

18


