
Extended Introduction to Computer Science 
CS1001.py 

Instructors: Daniel Deutch, Amir Rubinstein 
Teaching Assistants: Yael Baran, Michal Kleinbort, Amir Gilad 

 
Founding instructor: Benny Chor 

Lecture 23: 
Digital Image Processing 

School of Computer Science 
Tel-Aviv University 

Spring Semester, 2015-16 
http://tau-cs1001-py.wikidot.com 



Digital Image Processing 
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Image processing is any form of signal processing for which the 
input is an image, such as a photograph or video frame; the output 
of image processing may be either an image or a set of 
characteristics or parameters related to the image. Most image-
processing techniques involve treating the image as a two-
dimensional signal and applying standard signal-processing 
techniques to it . 

 (text and figure taken 
 from Wikipedia). 
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Digital Image Processing 

• Signal processing for which the input is an image 

• Common problems: 
• Noise reduction (denoising) - removing noise from an image. 

• Segmentation - partitioning a digital image into segments (e.g. identify the 

boundaries of cells in a multi-cell image) 

• Tracking - relate objects in subsequent frames of a film 

• Edge detection – detecting discontinuities in the image 

• Registration - transforming different images into one coordinate system (e.g. 

minor shifts in the camera position in subsequent frames 

• Color correction. 

• Typical applications: 
• Machine vision 

• Medical / biological image analysis 

• Face detection 

• Object recognition 

• Augmented reality 

• … 



Blur 
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An original image (left) and a blurred version thereof (right). Taken from 
Wikipedia (which ran out of the "g'day mate" version). 

The two major effects hampering image accuracy are termed 
blur and noise. Blur is an intrinsic phenomenon to digital image 
acquisition, resulting from limits on sampling rates. Blur has the 
effect of reducing the image's high-frequency components. To 
really understand it, a non negligible knowledge about signal 
processing is required. It is completely outside the scope of this 
course (and, unfortunately, of general CS studies as well). 



Noise and Denoising 

The observed value at pixel x, y, S(x, y), equals the sum 
of the true value I(x, y) plus noise N(x, y). 

 
S(x, y) = I(x, y) + N(x, y)  

 
The goal of denoising algorithms is, given the observed 
image S(x, y) (0 ≤ x < k, 0 ≤ y < l) to produce a new 
image, Î(x, y), which should be close to the original 
image I(x, y)  (0 ≤ x < k, 0 ≤ y < l)  
 
Obviously such goal is not well defined, and thus cannot 
be solved, if there are no constraints on the image and 
on the noise. 
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Gaussian Noise Models 

Image model: We assume the image is piecewise smooth: Most 
of the image's area consists of large, smooth regions where light 
intensity varies continuously - if x1, y1 and x2, y2 are neighbors, 
then I(x1, y1) and I(x2, y2) attain close enough values. 
 
Gaussian noise model: The noise at pixel x, y, N(x, y), is a 
random variable. It is usually assumed that N(x, y) is "white 
noise", distributed independently of the noise at other pixels. 
The noise level depends monotonically on the signal level. 
Higher intensity pixels produce higher measured noise. 
Specifically, if a pixel intensity is σ2 photons, then the additive 
noise is distributed according to Gσ(x), a Gaussian with standard 
deviation σ . 
. 6 



Gaussians 
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Three Gaussians, with σ  = 0:5, 1, 2 (σ = 0:5 is the narrowest). 

The probability density function  
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is called the Gaussian, or normal, distribution. It has mean 0 and 
standard deviation σ. This is a continuous function, which is the limit of 
the Binomial distribution, as the number of events tends to infinity. The 
Gaussian has the well known bell curve shape. 
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68% of the distribution lies within one 
standard deviation of the mean. 95% of the 
distribution lies within two standard deviations 
of the mean. 99.7% of the distribution lies 
within three standard deviations of the mean. 
These percentages are known as the "empirical 
rule". 

http://www.regentsprep.org/regents/math/algtrig/ats2/normallesson.htm 

More on Gaussians 



Gaussian Noise: Python Code 

The function random.gauss(mu, sigma) returns a floating point number, 
distributed according to a Gaussian distribution with expected value μ 
and standard deviation σ. We will use μ = 0, and a default value σ  = 10. 
When added to pixel values, we will round the noise and make sure the 
outcome falls within 0 to 255. 
 
>>> import random 
>>> random.gauss(0,10) 
0.36121514047571907 
>>> random.gauss(0,10) 
21.643048694527852 
>>> lst=[round(random.gauss(0,10)) for i in range(20)] 
>>> lst 
[-8, 22, 12, 4, -1, 2, 11, 6, -16, -1, 4, -9, -3, 1, -5, -3, 5, 18, 19, 1] 
>>> sorted(lst) 
[-16, -9, -8, -5, -3, -3, -1, -1, 1, 1, 2, 4, 4, 5, 6, 11, 12, 18, 19, 22] 
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14 out of 20 values 
between -10 and 10.  
19 out of 20 
between -20 and 20 



Gaussian Noise: Python Code 

def add_gauss(mat, sigma=10): 
    ''' Generates Gaussian noise with mean 0 and SD sigma. 
         Adds indep. noise to pixel, keeping values in 0..255''' 
    n,m = mat.dim() 
    new = copy(mat) 
    for i in range(n): 
        for j in range(m): 
            noise = round(random.gauss(0,sigma)) 
            if noise > 0: 
                new[i,j] = min(mat[i,j]+noise,255) 
            elif noise < 0: 
                new[i,j] = max(mat[i,j] + noise, 0) 
    return new 
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def join_h(mat1, mat2): 
    """ joins two matrices, side by side with some separation """ 
    n1,m1 = mat1.dim() 
    n2,m2 = mat2.dim() 
    m = m1+m2+10 
    n = max(n1,n2) 
    new = Matrix(n, m, val=255) # fill new matrix with white pixels 
    new[:n1,:m1] = mat1 
    new[:n2,m1+10:m] = mat2 
    ”””                                     #without slicing: 
    for i in range(n1): 
        for j in range(m1): 
            new[i,j] = mat1[i,j]    
    for i in range(n2): 
        for j in range(m2): 
            new[i,j+m1+10] = mat2[i,j]          “”” 
    return new 
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A Useful Utility:  Joining Images, Side by Side 



Adding Gaussian Noise to an Image: Examples 
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We add Gaussian noise at different levels, and show pairs of results. 
>>> a = Matrix.load("abbey_road.bitmap“) 
>>> new10 = add_gauss (a) 
>>> new20 = add_gauss (a, sigma =20) 
>>> new50 = add_gauss (a, sigma =50) 
>>> n1 = join_h (a, new10 ) 
>>> n2 = join_h (new10 , new20 ) 
>>> n3= join_h (new10 , new50 ) 
>>> n1. display () 
>>> n2. display () 
>>> n3. display () 



Salt and Pepper Noise Model 
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Original image                             Salt & pepper noise                        Gaussian noise 

A different type of noise is the so called salt and pepper noise - 
extreme grey levels (white and black), or bursts, appearing at 
random and independently in a small number of pixels. 



Salt and Pepper Noise: Python Code 

def add_SP(mat, p=0.01): 
    ''' Generates salt and pepper noise: Each pixel is "hit" indep. 
     with prob. p. If hit, it has fifty fifty chance of becoming 
     white or black. ''' 
    n,m = mat.dim() 
    new = copy(mat) 
    for i in range(n): 
        for j in range (m): 
            rand = random.random() #a random float in [0,1) 
            if rand < p: 
                if rand < p/2: 
                    new[i, j] = 0 
                else: 
                    new[i, j] = 255 
    return new 
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Salt and pepper noise is not as fundamental in statistics as Gaussian 
noise is, so we'll write the code for it ourselves. The default parameter 
p=0.01 is the probability of a pixel being "hit" by the SP noise. 



Adding Gaussian Noise to an Image: Examples 
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We add Salt and Pepper noise at diffeent levels. 
>>> a= Matrix.load("abbey_road.bitmap“) 
>>> sp1 = add_SP(a) 
>>> sp2 = add_SP(a,p =0.02) 
>>> sp5 = add_SP(a,p =0.05) 
>>> n1 = join_h(a,sp1) 
>>> n2 = join_h(a,sp2) 
>>> n5 = join_h(sp1 , sp5 ) 
>>> n1.display() 
>>> n2.display() 
>>> n5.display() 



Denoising Algorithms 

We will discuss three approaches to denoising, and 
implement two of them: 
• Denoising by Local means. 
• Denoising by Local Medians. 
• Denoising by Non local means. 
Of course, these three approaches are only the tip of 
the iceberg. 
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Local Means 

We define a neighborhood of the pixel whose coordinates are x, y 
as the set of all pixels whose coordinates are close to x, y. 
A neighborhood commonly considered is the (2k + 1)-by-(2k + 1) 
square matrix of coordinates centered at x, y, where k is a small 
integer - typically 1 or 2. 
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Local Means: Auxiliary Code 

     def items(mat): 
    '''flatten mat elements into a list''' 
    n,m = mat.dim() 
    lst = [mat[i,j] for i in range(n) for j in range(m)] 
    return lst 
 
def average(lst): 
    l = len(lst) 
    return round(sum(lst)/l) 

 
items(mat) returns a list whose elements are the matrix' 
elements. Average is rounded to nearest integer. 
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Local Means: Code 
def local_operator(a, op, k=1): 

n,m = a.dim() 
res = copy(a) # brand new copy of a 
for i in range(k,n-k): 
    for j in range(k,m-k): 
        res[i,j] = op(items(a[i-k:i+k+1,j-k:j+k+1])) 
return res 
 

def local_means(a, k=1): 
return local_operator(a, average, k) 

 
The code operates only on pixels in the center of a 2k+1-by-2k+1 
window all of which fits within the matrix. Other, "boundary" 
pixels, are left intact. 
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Local Means: A Synthetic Example 
>>> a = Matrix (4 ,4) 
>>> for i in range (4): 
           for j in range (4): 
                 a[i,j] = i+j **2 
>>> for i in range (4): 
         print ([a[i,j] for j in range (4)]) 

[0, 1, 4, 9] 

[1, 2, 5, 10] 

[2, 3, 6, 11] 

[3, 4, 7, 12] 
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>>> b = local_means (a) 
>>> for i in range (4): 
     print ([b[i,j] for j in range (4)]) 
[0, 1, 4, 9] 
[1, 3, 6, 10] 
[2, 4, 7, 11] 
[3, 4, 7, 12] 
 

The example uses the default 
"frame radius" k=1  (9 pixels in 
frame). 



Local Means: A Second Synthetic Example 

>>> a[2 ,2] = 1000 
>>> for i in range (4): 
         print ([a[i,j] for j in range (4)]) 
[0, 1, 4, 9] 
[1, 2, 5, 10] 
[2, 3, 1000 , 11] 
[3, 4, 7, 12] 
>>> b = local_means (a) 
>>> for i in range (4): 
           print ([b[i,j] for j in range (4)]) 
[0, 1, 4, 9] 
[1, 113 , 116 , 10] 
[2, 114 , 117 , 11] 
[3, 4, 7, 12] 

This example, too, uses the default "frame radius" k=1 (9 pixels in 
frame). 
21 



Denoising by Local Means 

In denoising by local means, we replace the observed 
value at (x, y), S(x, y), by the average (or mean) of the 
observed values in a neighborhood of (x, y), for 
example, the 3-by-3 neighborhood above, N3x3(x, y). 
 
In writing the code, we should make sure we do not 
modify the original matrix of observed values. 

22 



Denoising by Local Means: Motivation 

If the pixel x, y resides in a smooth portion of the image, 
the light intensity in its neighborhood is about the same, so 
averaging will not change it significantly. 
 
On the other hand, averaging (2k + 1)2 independent 
random variables with standard deviation σ, the standard 
deviation of the average decreases to  
which equals σ/3 for the the N3x3(x, y) neighborhood. 
 
So in smooth areas, averaging preserves the signal 
component of the pixel, yet substantially decreases the 
noise contribution. 
 
 

23 

2/ (2 1)k 



Local Means: Weighted Variants 
Uniform averaging based on the whole neighborhood, as discussed 
before, can be expressed as the matrix Frobenius inner product, 
namely sum of element by element product 

24 

We point out that while this maintains more of the original signal, 
the noise reduction here is smaller. 

A common variant puts more weight close 
to the central pixel. For example, in our 
case of the 3-by-3 neighborhood, 
replacing the 1/9 matrix by  
 

[ 1, 1] [ , 1] [ 1, 1] 1/ 9 1/ 9 1/ 9

[ 1, ] [ , ] [ 1, ] 1/ 9 1/ 9 1/ 9

[ 1, 1] [ , 1] [ 1, 1] 1/ 9 1/ 9 1/ 9

S x y S x y S x y

S x y S x y S x y

S x y S x y S x y

      
  

   
        

1/12 1/12 1/12

1/12 1/ 3 1/12

1/12 1/12 1/12

 
 
 
 
 

  jiji BA ,,



Denoising by Local Means: Limitations 
When the pixel x,y does not reside in a smooth portion of the image, 
averaging does not preserve the signal component of the image. The 
outcome is an image with blurred edges. 
 
An additional disadvantage of averaging is its sensitivity to spurious 
extreme values (a general problem with average, not just in the images 
context), like those originating by salt and pepper noise. 
 
For example, suppose the original area of the image is fairly light, say 
intensity level around 240. Yet in the N3x3(x, y) neighborhood, one pixel, 
e.g. x-1, y-1, is observed as very dark, e.g. intensity level around 20, 
due to noise. 
 

Indeed, , Î(x -1, y -1) will be corrected to 216. But each of the other 8 
pixels containing x -1, y -1 in their neighborhood, will also exhibit  such 
"correction", which is undesirable. 
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Denoising by Local Medians 

In denoising by local medians, we replace the observed 
value at (x, y), S(x, y), by the median of the observed 
values in a neighborhood of (x, y) (for example, the 3-by-
3 neighborhood, N3x3(x, y), above). 

 
• The median does preserve edges (a big plus). 
• The median is not sensitive to spurious extreme 

values, so it withstands salt and pepper noise easily. 
• However, the median tends to eliminate small, fine 

features in the image, such as thin contours. 
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Local Medians: Code 
       def median(lst): 

     sort_lst = sorted(lst) 
     l = len(sort_lst) 
    if l%2==1:    # odd number of elements. well defined median 
        return sort_lst[l//2] 
    else:         # even number of elements. average of middle two 
        return (int(sort_lst[-1+l//2]) + int(sort_lst[l//2])) // 2 
 

       def local_operator(a, op, k=1):   # as before 
 

  def local_medians(a, k=1): 
        return local_operator(a, median, k) 

 
Comment:  Median is computed by first sorting the values in the local 
window, and taking the middle element. 
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Local Medians: A Synthetic Example 
>>> a = Matrix (4 ,4) 
>>> for i in range (4): 
            for j in range (4): 
                 a[i,j] = i+j **2 
>>> for i in range (4): 
            print ([a[i,j] for j in range (4)]) 
[0, 1, 4, 9] 
[1, 2, 5, 10] 
[2, 3, 6, 11] 
[3, 4, 7, 12] 
 
>>> b = local_means (a) 
>>> for i in range (4): 
            print ([b[i,j] for j in range (4)]) 
[0, 1, 4, 9] 
[1, 3, 6, 10] 
[2, 4, 7, 11] 
[3, 4, 7, 12] 
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Local Medians: A Second Synthetic Example 

>>> a[2 ,2] = 1000 
>>> for i in range (4): 
           print ([a[i,j] for j in range (4)]) 
[0, 1, 4, 9] 
[1, 2, 5, 10] 
[2, 3, 1000 , 11] 
[3, 4, 7, 12] 
 
>>> b = local_means (a) 
>>> for i in range (4): 
           print ([b[i,j] for j in range (4)]) 
[0, 1, 4, 9] 
[1, 113 , 116 , 10] 
[2, 114 , 117 , 11] 
[3, 4, 7, 12] 
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>>> c = local_medians (a) 
>>> for i in range (4): 
      print ([c[i,j] for j in range (4)]) 
[0, 1, 4, 9] 
[1, 2, 5, 10] 
[2, 3, 7, 11] 
[3, 4, 7, 12] 
 
The medians essentially ignore outliers. 



Time Complexity of Local Means and Local Medians 

Suppose the image' dimensions are n-by-m. 
 
The number of windows that are wholly contained in the image is 
(n - 2k)(m - 2k). Assuming k is significantly smaller than m, n, this 
is O(n ∙ m). For every such window, we either compute the average of the 
values in the window, or find their median. 
 
The number of pixels in a window is (2k + 1)2 = 4k2 + 4k + 1 = O(k2). This is 
the time complexity to compute the average. For median, we employed 
sorting, taking O(k2 log k2) = O(k2 log k) steps. But faster median finding, 
running in time which is linear in the number of items, is known (you saw 
it in the recitation, named select(lst,k)). This will then be O(k2) steps too. 
 
So we got O(k2) steps per window, for a total of O(n ∙ m) windows. 
All in all, O(k2nm) steps (recall that the input size is n∙m !) for both 
algorithms. (The hidden constant for the local means will be smaller 
than the hidden constant for the local medians.) 30 


