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Towers of Hanoi 
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(figure from Wikipedia) 

Towers of Hanoi is a well known mathematical 
puzzle, and no class on recursion, including 
this one (a recursive claim in itself :-), is 
complete without discussing it. 



Towers of Hanoi - origin 

The puzzle was invented by the French mathematician 
Édouard Lucas in 1883. There is a story about an Indian 
temple in Kashi Vishwanath which contains a large room with 
three time-worn posts in it surrounded by 64 golden disks. 
Brahmin priests, acting out the command of an ancient 
prophecy, have been moving these disks, in accordance with 
the immutable rules of the Brahma, since that time. The 
puzzle is therefore also known as the Tower of Brahma puzzle. 
According to the legend, when the last move of the puzzle will 
be completed, the world will end. It is not clear whether Lucas 
invented this legend or was inspired by it. 
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(text  from Wikipedia) 



Towers of Hanoi 
There are three rods, named A, B, C, and n disks 
of different sizes which can be placed onto any 
rod. The puzzle starts with all n disks in a stack in 
ascending order of size on one rod, say A, so that 
the smallest is at the top (see figure). 
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(figure from Wikipedia) 



Towers of Hanoi: Rules of Game 

The objective of the puzzle is to move the entire stack of all n 
disks to another rod, say C, obeying the following rules: 

• Only one disk may be moved at a time. 

• Each move consists of taking the upper disk from one of 
the rods and sliding it onto another rod, on top of the other 
disks that may already be present on that rod. 

• No disk may be placed on top of a smaller disk. 
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(figure and some text  
 from Wikipedia) 



Towers of Hanoi: recursive view 
In order to think about a recursive solution, we should first have a 
recursive definition of a Hanoi tower:  
it is either empty,  
or it is a tower on top of a larger disk (larger than  
all the disks in the tower on top).  
 
Schematically: 
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A tower of n-1 disks 

A larger disk  

This is the base case 

Another possibility is 
to let the base case be 
a tower of one disk 



Towers of Hanoi: The algorithm 

We can now describe a recursive algorithm to 
move a stack of n disks from rod A to rod C using 
rod B as a helping rod. 

In the base case , when n=0, there is nothing to do. 

The non- base case (n>0) will be shown in the next 
slide. 

 

[If we chose n=1 as the base case, then the base 
case would be to move the single rod from A to C] 
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Towers of Hanoi: recursive algorithm 
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A B C 

Move top tower from A to B using C as helping rod 

Move one disk from A to C 

Move top tower from B to C using A as helping rod 

Helping  
rod 

Helping  
rod 



Towers of Hanoi: another picture 

9 A 

Move top tower from A to B 
using C as helping rod 

Move top tower from A to B 
using C as helping rod 

Move one disk from A to C 

B C 



Towers of Hanoi: Recursive Solution 
To move n disks from rod A to rod C, using B as a “helping rod": 
If n = 0, there is nothing to do. 
Otherwise (namely n > 0): 
1) Move n - 1 disks from rod A to rod B, using C as a “helping rod". 
2) Move the single disc n directly from rod A to rod C. 
3) Move n - 1 disks from rod B to rod C, using A as a “helping rod". 

 
Correctness:  (no rules are violated) 
• During the entire stage (1), disk n stays put on rod A. As it was the 
biggest of all n disks, no rule will be violated if some of the n - 1 disks 
are placed on top of it during the recursion in (1). 
• In step (2), all n - 1 smaller disks are on rod B, so moving disc n 
directly from rod A to rod C is legal. 
• The argument for step (3) is identical to the argument for step (1). 
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Towers of Hanoi: Number of Moves 

Let us denote by H(n) the number of moves required 
to solve an n disc instance of the puzzle. 

In the recursive solution outlined above, to solve an n 
discs instance we solve two instances of n - 1 discs, 
plus one actual move. This gives us the recursive 
relation 

H(0) = 0 

For n > 0, H(n) = 2∙H(n - 1) + 1 

whose solution is H(n) = 2n - 1. (You should be able to 
verify the last equality, using induction.) 
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Time Complexity analysis 

On board, using recursion tree. 

 

We claimed that the number of moves required 
to solve an instance with n disks is H(n) = 2n - 1. 
Our program generates such a list of disk moves. 
It runs in O(H(n)) time = O(2n) 

The recursion depth here is “just" O(n). But the 
size of the recursion tree is O(2n), which is 
exponential in n. 
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Optimality of Number of Moves 

Hey, wait a minute.  H(n) = 2n - 1 is the number of 
moves in the solution presented above. Can't we find 
a more efficient solution? 

 

This is very good thinking in general. But in this case, 
one can show (not even that hard) that H(n) = 2n - 1 
moves are required from any solution strategy. (Of 
course, more inefficient strategies do exist). 
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Towers of Hanoi:  
An Interesting Prefix Property 

It is can be seen (not immediate, but not too hard) 
that to  

move n + 2 disks from rod A to rod C, using B,  

we first have to  

move n disks from rod A to rod C, using B 

(and then what?). 

 

So the latter moves are a prefix of the former ones. 
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Towers of Hanoi: Python Code 

We write a function of four arguments, HanoiTowers(start,via,target,n). 
The first three arguments are the three rods, which have distinct names. 
The last argument, n, is the number of discs. 
The function returns an ordered list of discs moves. 
 

def HanoiTowers (start ,via , target ,n): 
       """ computes a list of discs steps to move a stack 
        of n discs from rod " start " to rod " target " employing 
        intermediate rod " via " """ 
        if n ==0: 
               return [ ] 
        else: 
                return HanoiTowers (start , target ,via ,n -1) \ 
                  + [str.format (" disk {} from {} to {}", n, start , target )] \ 
                  + HanoiTowers (via ,start , target ,n -1) 
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Explaining the Mysterious str.format 
str.format is a function that generates a string from “template" 
and from ordered arguments. 
 
>>> str.format( "{} time {} equal {}", 5,6,30) 
'5 times 6 equal 30' 
>>> x=2; y=3; z=7 
>>> str.format( "{} time {} equal {}", x,y,z) 
'2 times 3 equal 7'        # garbage in, garbage out 
>>> str.format("{} time {} equal {}","once upon a","all animals 
were","but some were more equal“ ) 
'once upon a time all animals were equal but some were more 
equal‘ 
 
There are more advanced forms of str.format, but we will 
probably not use them. 
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Towers of Hanoi: Running the Code 

>>> Han = HanoiTowers ("A","B","C" ,3) 
    # Han now is a list whose elements are the moves ( strings ) 
>>> for move in Han: 
       print (move) 
disk 1 from A to C 
disk 2 from A to B 
disk 1 from C to B 
disk 3 from A to C 
disk 1 from B to A 
disk 2 from B to C 
disk 1 from A to C 
 
It is not a bad idea to verify that this does work (“trust, but check"). 
For small values of n, we could do this on board or on paper. 
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Towers of Hanoi Nightmare 
Suppose a monster demanded to know what the 397 + 19 ‘th move 
in an n = 200 disk Towers of Hanoi puzzle is, or else . . . . 
 
Having seen and even understood the material, you realize 
that either expanding all H(200) = 2200 - 1 moves, or even just the 
first 397 + 19, is out of computational reach in any conceivable 
future, and the monster should try its luck elsewhere. 
 
You eventually decide to solve this new problem. The first 
step towards taming the monster is to give the new problem a 
name: 
 
hanoi_move(start,via,target,n,k) 
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Towers of Hanoi Nightmare 
To write HanoiMove(start,via,target,n,k) to compute the k-th move 
in the an n disk Tower of hanoi puzzle we recall the solution of the 
Tower of Hanoi puzzle, and think recursively: 
 
The solution to HanoiTowers(start,via,target,n) takes 2n  - 1  steps 
altogether  (so 1 ≤ k ≤ 2n - 1), and consists of three (unequal) parts. 
• In the first part, which takes 2n-1  - 1  steps, we move n-1  disks.  

If  1 ≤ k ≤ 2n-1 - 1 the move we are looking for is within this part.  
• In the second part, which takes exactly one step , we move disk 

number n. If k = 2n-1 this is the move we want.  
• In the last part, which again takes 2n-1  - 1 steps, we again move 

n-1  disks. If 2n-1 +1 ≤ k ≤ 2n  - 1 the move is within this part, and 
is the   k - 2n-1 ‘th move of this part. 
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Hanoi Monster 

def hanoi_move(start,via,target,n,k): 
      """finds the k-th move in Hanoi Towers instanc with n disks  """  
      if n<=0: 
          return "zero or fewer disks" 
     elif k<=0 or k>=2**n or type(k)!=int : 
          return "number of moves is illegal" 
     elif k==2**(n-1): 
          return str.format( "disk {}  from {}  to {} ", n, start, target) 
     elif k<2**(n-1): 
          return hanoi_move(start,target,via,n-1,k) 
     else: 
          return hanoi_move(via,start,target,n-1,k-2**(n-1)) 
 
Note the roles of the rods, as in the HanoiTowers function. 
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Recursive Monster Code: Executions 

We first test  it on some small cases, which can be verified by 
running the  HanoiTowers  program. 
Once we are satisfied with this, we solve the monster's question. 
 
>>> hanoi_move("A","B","C“ ,1,1) 
'disk 1 from A to C' 
>>> hanoi_move("A","B","C“ ,2,1) 
'disk 1 from A to B' 
>>> hanoi_move("A","B","C“ ,2,2) 
'disk 2 from A to C' 
>>> hanoi_move("A","B","C“ ,3,7) 
'disk 1 from A to C' 
>>> hanoi_move("A","B","C“ ,4,8) 
'disk 4 from A to C' 
>>> hanoi_move("A","B","C“ ,200,3**97+19) 
'disk 2 from B to A'   
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Recursive Monster Solution and Binary 
Search 

The recursive hanoi move(start,via,target,n,k) makes at most 
one recursive call. 

The way it “homes" on the right move employs the already 
familiar paradigm of binary search: It first determines if move 
number k is exactly the middle move in the n disk problem. If 
it is, then by the nature of the problem it is easy to exactly 
determine the move. 

If not, it determines if the move is in the first half of the 
moves‘ sequence (k < 2n-1 ) or in the second half (k > 2n-1), and 
makes a recursive call with the correct permutation of rods. 

The execution length is linear in n (and not in 2n, the length of 
the sequence of moves). 
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Binary Search 
We have already seen binary search and realized it is widely 
applicable (not only when monsters confront you). We can use 
binary search when we look for an item in a huge space, in cases 
where that space is structured so we could tell if the item is 
1. right at the middle, 
2. in the top half of the space, 
3. or in the lower half of the space. 
In case (1), we solve the search problem in the current step. In 
cases (2) and (3), we deal with a search problem in a space of half 
the size. 
In general, this process will thus converge in a number of steps 
which is log2 of the size of the initial search space. This makes a 
huge difference. Compare the performance to going linearly over 
the original space of 2n - 1 moves, item by item. 
The binary search idea is also known as lion in the desert idea. 
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Not for the Soft At Heart:  
the Ackermann Function 

This recursive function, invented by the German mathematician 
Wilhelm Friedrich Ackermann (1896{1962), is defined as following: 
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This is a total recursive function, namely it is defined for all arguments 
(pairs of non negative integers), and is computable (it is easy to write 
Python code for it). However, it has a huge rate of growth. 
You will meet the inverse of the Ackermann function in the data structures 
course as an example of a function that grows to infinity very very slowly. 
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Ackermann function: Python Code 

Writing down Python code for the Ackermann function is easy  
-- just follow the definition. 
def ackermann(m,n): 
       “””Ackermann function””” 
       if m==0: 
              return n+1 
        elif m>0 and n==0: 
               return ackermann(m-1,1) 
         else: 
                return ackermann(m-1,ackermann(m,n-1)) 
 
However, running it with m ≥ 4 and any positive n causes run 
time errors, due to exceeding Python's maximum recursion 
depth. Even ackermann(4,1) causes such a outcome 
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Ackermann function and Python Recursion 
Depth 

However, running it with m ≥ 4 and any positive n causes run 
time errors, due to exceeding Python's maximum recursion 
depth. Even ackermann(4,1) causes such a outcome. 

 

However, even with this much larger recursion limit, say 
100,000, only on Linux did ackermann(4,1) ran to completion 
(returning just 65,533, by the way). On an 8GB RAM machine 
running either MAC OSX 10.6.8 or Windows 7, it simply 
crashed (reporting “segmentation fault"). 

 

Adventurous? ackermann(4,2) will exceed any recursion depth 
that Python will accept, and cause your execution to crash. 

This is what happens with such rapidly growing functions. 
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Mutual Recursion 
A pair of functions f(∙),  g(∙), where the definition of the first function, 
f(∙), includes a call to the second function, g(∙), and the definition of 
the second function, g(∙), includes a call to the first function, f(∙), are 
also called recursive functions. (Sometimes they are called mutually 
recursive). 
This definition generalizes to more functions as well. Here is an 
example – a very inefficient way to determine if a positive integer is 
even or odd. 
 
def even(x): 
    if x==0: 
        return True 
    else: 
        return odd(x-1) 
 
def odd(x): 
    if x==0: 
        return False 
    else: 
        return even(x-1) 
 27 



Recursion in Other Programming Languages 

Python, C, Java, and most other programming 
languages employ recursion as well as  a variety of 
other flow control mechanisms. 
By way of contrast, all LISP dialects (including 
Scheme) use recursion as their major control 
mechanism. We saw that recursion is often not the 
most efficient implementation mechanism. 
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Taken together with the central role of eval in LISP, this may have 
prompted the following statement, attributed to Alan Perlis of Yale 
University (1922-1990):  “LISP programmers know the value  of 
everything, and the cost  of nothing''. 
In fact, the origin of this quote goes back to Oscar Wilde. In The 
Picture of Dorian Gray (1891), Lord Darlington defines a cynic as ``a 
man who knows the price of everything and the value of nothing''. 

Picture from a web Page by 
Paolo Alessandrini 



• What is randomness? According to Wikipedia: 

Randomness is the lack of pattern or predictability in events. A random 

sequence of events, symbols or steps has no order and does not follow an 

intelligible pattern or combination. Individual random events are by definition 

unpredictable, but in many cases the frequency of different outcomes over a 

large number of events (or "trials") is predictable. 

 

• The programs we have written so far were all deterministic: given an input, the 

output was predictable.  

 

• In many cases it is useful to include randomness in computations. Algorithms that 

use randomness are called randomized or probabilistic or coin flipping algorithms. 

Unlike deterministic algorithms, their executions cannot be reproduced simply. 

 

• Examples for using randomness in computation:  

- Simulation  

- Sampling (usually a large data set, e.g. testing a program) 

- Cryptography (we will see the an example soon, the Diffie-Hellman protocol) 

- Improving efficiency or avoiding worst case scenarios with high probability 

(we will see this soon in the Quicksort algorithm) 

Randomness  in  Computing  

The next two 

examples 



Obtaining  Random Sequences 

• True Random Number Generators (TRNG)   

Extract randomness from physical phenomena such as cosmic radiation, 

radioactive decay, etc. 

 

• A Philosophical question for you to ponder about: 

Are there any events in nature that are truly random? 

 

Recall Einstein’s quote: "God does not play dice with the universe."  

( 

http://www.techinsider.io/god-does-not-play-dice-quote-meaning-2015-11 ) 

 

 

 

 

 

• Pseudo-random Number Generators (PRNG)   

A formula/algorithm to generate a sequence of numbers, deterministically, from a 

random “seed”. The sequence appears to be random (“random enough”).  

Image from:  
 www.smallplanet.us://http 
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Example for PRNG: Linear Congruential Generator 

>>> a, c, m = 1, 7, 12 

>>> r = 0 

>>> for i in range(20): 

 print(r) 

 r = (a*r + c) % m 

 

The output pasted as a single line: 

0 7 2 9 4 11 6 1 8 3 10 5 0 7 2 9 4 11 6 1 8 

• The numbers in the sequence must eventually enter a cycle. The length of the 

cycle is called the period of the random number generator. 

 

• The choice of the parameters affects the period.  

     Try, for example, c=8 instead of 7. 

The “seed”.  
Used to initialize the random number generator.  

Picked at random (are we in a loop here?) 
Can be picked e.g. by using the system’s clock. 



• Python employs a more sophisticated pseudo random generator, called 

Mersenne Twister.  

 

• The name derives from the fact that the period of the generator is chosen to 

be a Mersenne prime: a prime number that is one less than a power of two. 

That is, it is a prime number that can be written in the form 2n − 1 for some 

positive integer n.  

 

• Specifically, the PRNG in Python produces 53-bit precision floating point 

numbers, and has a period of 219937-1. 

 

Randomness in Python 

>>> import random 

 

>>> random.random() #generate a random number from [0, 1) 

0.9724062711684623 

>>> random.random() 

0.9793789492766168 

>>> random.random() 

0.2880152915931866  



Randomness in Python – Some Useful Functions 

>>> random.uniform(3.2, 12.01) # random number in the range [a, b) 

9.311113665186017 

 

 

>>> random.randrange(0,1000) # random int from range(start, stop[, step]) 

929 

 

 

>>> random.choice([1, 5, 6, -44, 9]) 

-44 

>>> lst = [random.choice("a"*5 + "bcdef") for i in range(1000)] 

>>> lst[:10] 

['c', 'a', 'a', 'a', 'a', 'e', 'b', 'a', 'a', 'a'] 

>>> lst.count("a")/len(lst) 

0.497 

>>> lst.count("b")/len(lst) 

0.101 

 

 

>>> L = [1,2,3,4,5] 

>>> random.shuffle(L) #in place, mutates L itself 

>>> L 

[2, 5, 1, 4, 3] 



Randomness in Action – Example 1: Sampling 
Estimating  π by a Monte Carlo Method 

• From Wikipedia:  

 

Monte Carlo methods (or Monte Carlo experiments) are a broad class of 

computational algorithms that rely on repeated random sampling to obtain 

numerical results. They are often used in physical and mathematical problems and 

are most useful when it is difficult or impossible to use other mathematical 

methods.  

 

 

• The name "Monte Carlo'' was coined by Nicholas Constantine Metropolis (1915-

1999) and inspired by Stanslaw Ulam (1909-1986), because of the similarity of 

statistical simulation to games of chance, and because Monte Carlo is a center for 

gambling and games of chance. 

(http://mathfaculty.fullerton.edu/mathews/n2003/montecarlopimod.html ) 
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Randomness in Action – Example 1: Sampling 
Estimating  π by a Monte Carlo Method 

• Randomly choose points (x,y) in 

the unit square (0<=x,y<=1) 

 

• Count how many of them are 

located inside the quarter circle of 

radius 1 centered in the origin.  

 

• The ratio is the area of the quarter 

circle (π/4) divided by the area of 

the square (1). 
 

 

 

Figure taken from 
http://mathfaculty.fullerton.edu/mathews/n2003/montecarlopimod.html 



Estimating  π by a Monte Carlo Method in Python 

import random 

 

def estimate_Pi(num=1000): 

    """ estimate pi by a monte carlo experiment """ 

    count=0 

    for n in range(num): 

        x = random.random() 

        y = random.random() 

        if x**2 + y**2 <= 1.0: 

            count += 1 

    return 4*count/num 

 

 

>>> estimatePi() 

3.156 

>>> estimatePi(100000) 

3.12864 

>>> estimatePi(10**8) 

3.14175412 #took about a minute 

>>> import math 

>>> math.pi 

3.141592653589793 



• A random walk is a mathematical formalization of a path that 

consists of a succession of random steps. 

 
• For example, a simple symmetric 1-dimensional random 

walk: a marker is placed at zero on the number line, and at 

each step moves +1 or −1 with equal probability. 

 

 

 

 

• There are numerous other versions,  

    for example of higher dimensions, on graphs, etc. 

Random walk in two dimensions. 
/Ran3upload.wikimedia.org/wikipedia/commons/f/f://https

 _animated.svg2500dom_walk_ 

-1 0 1 2 3 4 -4 -3 -2 

Randomness in Action – Example 2: Simulation 
Random Walk 
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Randomness in Action – Example 2: Simulation 
Random Walk 

• Random walks are used to model various types of phenomena 

from a diverse range of fields, such as:  

 
- Economics: shares prices 

 

- Genetics: genetic drift (frequency of gene variants (allele) in a population) 

 

- Physics: Brownian motion and diffusion 

 

- Ecology: population dynamics 

 

- www : Twitter’s WTF ("Who to Follow") 

 

- … 

 



Simple Symmetric 1D Random Walk 

-1 0 1 2 3 4 -4 -3 -2 



Simple Symmetric 1D Random Walk – in Python 

def rand_walk(steps, show=False): 
    pos = 0 
    for i in range(steps): 
        walk = random.choice([+1,-1]) 

        pos += walk 
        if show: 
             print("step", i, ":", pos) 
    return pos 
 

 

def test_rand_walk_dist(steps, num_simulations): 
    dist = 0 
    for i in range(num_simulations): 
        dist += abs(rand_walk(steps)) 
    avg = dist/num_simulations 

    return avg/(steps**0.5) #tends to (2/math.pi)**0.5 



Simple Symmetric 1D Random Walk – Executions 

>>> rand_walk(10, True) 

step 0 : 1 

step 1 : 2 

step 2 : 1 

step 3 : 0 

step 4 : 1 

step 5 : 0 

step 6 : 1 

step 7 : 2 

step 8 : 3 

step 9 : 4 

4 

>>> rand_walk(10, True) 

step 0 : 1 

step 1 : 2 

step 2 : 3 

step 3 : 2 

step 4 : 1 

step 5 : 0 

step 6 : -1 

step 7 : -2 

step 8 : -3 

step 9 : -2 

-2 

>>> import math 

>>> (2/math.pi)**0.5 

0.7978845608028654 

 

>>> avg_rand_walk_dist(10, 100) 

0.7779203044014212 

>>> avg_rand_walk_dist(10, 1000) 

0.8089106254710713 

>>> avg_rand_walk_dist(10, 10000) 

0.7869011729562995 

>>> avg_rand_walk_dist(10, 100000) 

0.7789638560292768  

 

#hmm… larger sample doesn’t guarantee  

   better results 

 

 


