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Lecture 8: Highlights 

Floating point (bounded precision) numbers. 
The Newton–Raphson iterative root finding method. 
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Lecture 9 - Plan 
This is the time to mention 2 issues related to 
software development: 
• testing 
• Styling 
 
 
• Trial division and its computational complexity. 
•  Modular exponentiation (reminder). 
• Fermat's little theorem. 
•  Randomized primality testing. 
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Software Testing 
• Testing is the process of executing a program, with the intent of 

finding errors. 
• Debugging is the process of locating the origins of these errors 

 original bugs were real bugs found within the circuitry and caused short circuits 

• This is really a whole world, an expertise. 
 

• It is argued by some, that programmers should not do the testing, 
i.e., these functionalities should be separated. 

• Software companies conduct "code reviews" between teams 
What do you think? 

 
• Anyhow, you WILL do (and probably already did) basic testing of 

your HW solutions. 
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Bug 

 What is a computer bug? 
A error that causes a computer to produce an incorrect 
or unexpected result. 

 
Types of errors: 

• Syntax errors 
• Run-time errors 
• Logical errors 
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Types of bugs 
• Syntax errors, e.g.: 

e.g. incorrect indentation, missing elements (like ':'). 
Easiest to find, as the interpreter yells at us: 

 >>> def t1() 

 SyntaxError: invalid syntax 

 
• Run-time errors 
 e.g. division by 0, illegal access to memory (lst[len(lst)]) 
 May go unnoticed, until they happen: 

 >>> 4/0 

 ZeroDivisionError: int division or modulo by zero 

 
• Logical errors 
 Usually hardest to find. We cannot expect IDLE to find them. 

 >>> i = 0   >>> factor = 0.1 

 >>> while(i<5):  >>> new_exam = exam*1+factor 

     i = 1 
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Debugging 
• This function should return the average of 100 numbers. 
 Find the bug. 
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sum = 0 

i = 1 

while i <= 100: 

    next_num = float(input("Enter a number")) 

    sum = sum + next_num 

    i = i + 1 

print(sum / i) 



Testing categories 1 
Static Testing: Testing without executing the 
program. 

- code walkthrough & inspection 
- various code analyzers tools and techniques 
- Proofs of correctness 

- Automatic provers – still too weak for today’s software 
- by mathematical arguments (e.g. induction, loop invariants,…) 

 

Dynamic Testing: Testing by executing the program 
with real inputs 

- random tests - a  program usually has an infinite number of possible legal 
inputs (not to mention illegal ones). "Cover” input space by sampling. 

- "real life" tests – hook a user to test the product (can sometimes be done 
by a higher level product) 8 



Testing categories 2 
 
Black-Box Testing: behavioral testing,  
examine input-output relationships 
 
White-box Testing: operational testing,  
examine how input becomes output 
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Testing categories 3 
 
Top-Down Testing:  
from upper level modules downward 

example: replace lower level functions by naïve ones (whose 
correctness is trivial) 

Bottom-Up Testing:  
from single basic functions upward (induction) 

example: “simulate” higher level functionality, to directly test 
low level functions 
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…and now down to earth 
How do we recommend for YOU to test your 
functions in this course? 

• Print statements 
Strategically place print() statements in the source 
code to verify values 
 

• Python debugger 
Many programming languages have debuggers 
available 
A debugger lets you analyze the program's state 
after each statement 

11 



Code Style 
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Code Style 
• Writing “nice” code is an art. 
• Recall: beauty is in the eyes of the beholder… 
• However there are some common practices, which are good to be 

aware of. 
 

• PEP8 – Python Style Guide 
http://legacy.python.org/dev/peps/pep-0008/ 
(PEP = Python Enhancement Proposals) 
 
• Next are some highlights from PEP8. 
• Consider then as recommendations. We will not force you to use 

them.  
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Key Styling features - spaces 
Avoid extraneous whitespace in the following situations: 

 
• Immediately inside parentheses, brackets or braces. 
  
 
 
• Immediately before a comma, semicolon, or colon: 
  
 
 
• Immediately before the open parenthesis that starts the argument list of a function call: 

 
 
 

• Immediately before the open parenthesis that starts an indexing or slicing: 
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Yes: spam(ham[1], {eggs: 2})  
No: spam( ham[ 1 ], { eggs: 2 } )  

Yes: if x == 4: print(x, y); x, y = y, x  
No: if x == 4 : print(x , y) ; x , y = y , x  

Yes: spam(1)  
No: spam  (1)   

Yes: dict['key'] = list[index]  
No: dict ['key'] = list [index]   



Key Styling features - spaces 
Always surround these binary operators with a single space on either side:  
assignment (=), augmented assignment (+=, -= etc.), comparisons (==, <, >, !=, <>, <=, >=, 
in, not in, is, is not), Booleans (and, or, not). 
 
If operators with different priorities are used, consider adding whitespace around the 
operators with the lowest priority(ies). Use your own judgment; however, never use more 
than one space, and always have the same amount of whitespace on both sides of a binary 
operator. 
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Yes: 
i = i+1  
submitted += 1  
x = x*2 - 1  
hypot2 = x*x + y*y  
c = (a+b) * (a-b)  

No: 
i=i+1  
submitted +=1  
x = x * 2 - 1  
hypot2 = x * x + y * y  
c = (a + b) * (a - b) 



Key Styling features - names 
Give meaningful names to variables and functions 
 
>>> x = 1.8*y+32 
 
What are x and y? 
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Key Styling features - naming styles  
The following naming styles are commonly distinguished: 
• lowercase 
• lower_case_with_underscores 
• UPPERCASE 
• UPPER_CASE_WITH_UNDERSCORES 
• CapitalizedWords (aka CamelCase - so named because of the bumpy look of its letters 
• mixedCase (differs from CapitalizedWords by initial lowercase character!) 
• Capitalized_Words_With_Underscores (ugly!) 
 
Be consistent ! 
 
Also, avoid the characters 'l' (lowercase letter el), 'O' (uppercase letter oh), or 'I' 
(uppercase letter eye) as single character variable names. 
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Consistency 
 

• Consistency in style is important, within a project, and even more 
within one module or function. 
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Number Theoretic Algorithms 

Primality Testing 



Prime Numbers and Randomized 
Primality Testing 
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(figure taken from unihedron site) 



Prime Numbers and Randomized 
Primality Testing 
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A prime number is a positive integer, divisible only by 1 and by itself. 
So 10,001 = 73 ∙ 137 is not a prime (it is a composite number), but 10,007 is. 
There are some fairly large primes out there. 

Published in 2000: A prime number with 2000 
digits (40-by-50 table). By John Cosgrave, Math 
Dept, St. Patrick's College, Dublin, Ireland 

http://www.iol.ie/tandm/mprime.htm 



Prime Numbers in the News: p = 257885161 - 1 

22 (screenshot from ynet, February 2013) 
http://www.ynet.co.il/articles/0,7340,L-4342157,00.html 



Trial Division 
Suppose we are given a large number, N, and we wish to find if 
it is a prime or not. 
 
If N is composite, then we can write N = K∙L where 1 < K, L < N. 
This means that at least one of the two factors is  ≤. 
 
This observation leads to the following trial division algorithm 
for factoring N (or declaring it is a prime): 
Go over all D in the range 2 ≤ D ≤       .  For each such D, check 
if it evenly divides N. If there is such divisor, N is a composite. 
If there is none, N is a prime. 
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Trial Division 
is the given number prime? 

def trial_division (N): 
     """ trial division for integer N """ 
     upper = round (N ** 0.5 + 0.5) # ceiling function of sqrt(N)  
     for m in range (2, upper +1): 
          if N % m == 0:          # m divides N 
                 print (m, "is the smallest divisor of", N) 
                 return None 
     # we get here if no divisor was found 
     print (N, "is prime ") 
     return None 
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Trial Division: A Few Executions 
Let us now run this on a few cases: 
>>> trial_division (2**40+15) 
1099511627791 is prime 
>>> trial_division (2**40+19) 
5 is the smallest divisor of 1099511627795 
>>> trial_division (2**50+55) 
1125899906842679 is prime 
>>> trial_division (2**50+69) 
123661 is the smallest divisor of 1125899906842693 
>>> trial_division (2**55+9) 
5737 is the smallest divisor of 36028797018963977 
>>> trial_division (2**55+11) 
36028797018963979 is prime 
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Seems very good, right? 
Think again! 



Trial Division Performance:  
Unary vs. Binary Thinking 

This algorithm takes up to        divisions in the worst case (more, 
because dividing long integers take more than a single step). 
Should we consider it efficient or inefficient? 
Recall - efficiency (or lack thereof) is measured as a function of the 
input length. Suppose N is n bits long. So  2n-1  ≤ N < 2n. 
What is        in terms of n?  
Since 2n-1  ≤ N < 2n, we have 2(n-1)/2 ≤       <   2n/2 
So the number of operations of this trial division algorithm is 
exponential in the input size, n. You would not like to run it for N = 
2321 + 17 (a reasonable number in crypto contexts). 
So why did many of you say this algorithm is efficient? Because, 
consciously or subconsciously, you were thinking in unary. 
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Trial Division Performance: 
 Actual Measurements 

Let us now measure actual performance on a few cases. We 
first run the clock module (written by us), where the elapsed 
function is defined. Then we import the trial division function. 
>>> from division import trial_division 
>>> elapsed (" trial_division (2**40+19) ") 
5 is the smallest divisor of 1099511627795 
0.002822999999999909 
>>> elapsed (" trial_division (2**40+15) ") 
1099511627791 is prime 
0.16658700000000004 
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Trial Division Performance: 
 Actual Measurements (cont.) 

>>> elapsed (" trial_division (2**50+69) ") 
123661 is the smallest divisor of 1125899906842693 
0.022221999999999964 
>>> elapsed (" trial_division (2**50+55) ") 
1125899906842679 is prime 
5.829111 
>>> elapsed (" trial_division (2**55+9) ") 
5737 is the smallest divisor of 36028797018963977 
0.0035039999999995075 
>>> elapsed (" trial_division (2**55+11) ") 
36028797018963979 is prime 
29.706794 28 



A short digression: import 
Note that there are two ways to import code in python 
1) Importing the whole module (file): for example 
import time  
In this case functions (and variables) defined in the module are 
accessed using a full qualified name,  like  time.clock 
2) Selective import:  for example 
from division import trial_division 
In this case we use the short names, like trial_division.  
Caution – the name may clash with a local name (or from another 
module).  
If we want to import more than one name (and still use short 
names), we can write a list of names separated with a comma (,) 
or * to import all the names.  
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Trial Division Performance:  
Food for Thought 

Question:  What are the best case and worst case 
inputs for the trial division function, from the 
execution time (performance) point of view? 
 
Important comment:  in most problems, we may 
assume that the numbers are bounded by some 
(possibly large) constants, so each operation on 
them takes a constant time. (For example, sums 
of money, distance between cities, etc.) 
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Beyond Trial Division 

Two possible directions: 
•Find an efficient integer factoring algorithm. 

•This is a major open problem. We will not try to 
solve it. 

•Find an efficient primality testing algorithm. 
•This is the road we will take. 
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Efficient Modular Exponentiation: 
reminder 

Goal: Compute ab mod c, where a, b, c ≥ 2 are all l bit integers. In 
Python, this can be expressed as (a**b) % c. 
 
We should still be a bit careful. Computing ab first, and then 
taking the remainder mod c, is not going to help at all. 
 
Instead, we compute all the successive squares mod c, namely a1 
mod c, a2 mod c, a4 mod c (and any other power that is needed). 
In fact, following every multiplication, we compute the 
remainder. We rely on the fact that for all a, b, c : 
((a mod c) ∙ (b mod c)) mod p = (a ∙ b) mod c. 
 
This way, intermediate results never exceed c2, eliminating the 
problem of huge numbers. 
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Efficient Modular Exponentiation: 
reminder 

This way, intermediate  multiplicands never exceed c, 
so computing the product (as we learned in elementary 
school) takes O(l 2) bit operations. 
 Each product is  smaller then c2,  which has at most 2 ∙ l 
bits, so computing the remainder modulo c takes 
another O(l 2) bit operations (using long division, also 
studied in elementary school). 
All in all, computing ab mod c , where a, b, c ≥ 2 are all l 
bit integers, takes O(l 3) bit operations. 
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Modular Exponentiation in Python 
We can easily modify our function, power, to handle modular 
exponentiation. 
 
def modpower(a,b,c): 
     """ computes a**b modulo c, using iterated squaring """ 
     result=1 
     while b:                     # while b is nonzero 
           if b % 2 == 1:      # b is odd 
                  result = (result * a) % c 
           a=a*a % c 
           b = b//2 
     return result 
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Modular Exponentiation in Python 
A few test cases: 
>>> modpower(2,10,100) # sanity check: 2**10 = 1024 
24 
>>> modpower(17,2**100+3**50,5**100+2) 
35687281774687321935823285101098493089577506827
33818418319936978305748 
  >>> 5**100+2 # the modulus, in case you are curious 
788860905221011805411728565282786229673206435109
0230047702789306640627 
>>> modpower(17,2**1000+3**500,5**100+2) 
111988745112515980211913884214590356797395628235
6934957211106448264630 
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Built In Modular Exponentiation: pow(a,b,c) 
Guido van Rossum has not waited for our code, and Python has a 
built in function, pow(a,b,c), for efficiently computing ab mod c. 
>>> modpower (17 ,2**1000+3**500 ,5**100+2)\ # line continuation 
           - pow (17 ,2**1000+3**500 ,5**100+2) 
0 
# Comforting : modpower code and Python pow agree . Phew ... 
>>> elapsed (" modpower (17 ,2**1000+3**500 ,5**100+2) ") 
0.00263599999999542 
>>> elapsed (" modpower (17 ,2**1000+3**500 ,5**100+2) ",number 
=1000) 
2.280894000000046 
>>> elapsed (" pow (17 ,2**1000+3**500 ,5**100+2) ",number 
=1000) 
0.7453199999999924 
So our code is just three times slower than pow. 
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Does Modular Exponentiation Have 
Any Uses? 

Applications using modular exponentiation directly (partial list): 
 
• Randomized primality testing. 
• Diffie Hellman Key Exchange 
• Rivest-Shamir-Adelman (RSA) public key cryptosystem (PKC) 
 
We will discuss the first topic today, and the second topic later 
in this course, and leave RSA PKC to an (elective) crypto course. 
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The Prime Number Theorem 
• The fact that there are infinitely many primes was proved 
already by Euclid, in his Elements (Book IX, Proposition 20). 
• The proof is by contradiction: Suppose there are finitely many 
primes p1, p2, … ,pk. Then p1 ∙  p2 ∙ … ∙ pk + 1 cannot be divisible by 
any of the pi, so its prime factors are none of the pi s                 
(Note that p1 ∙  p2 ∙ … ∙ pk + 1 need not be a prime itself, e.g. 

2 ∙ 3 ∙ 5 ∙ 7 ∙ 11 ∙ 13 + 1 = 30031 = 59 ∙ 509 
• Once we know there are infinitely many primes, we may 
wonder how many are there up to an integer x. 
• The prime number theorem: A random n bit number is a prime 
with probability roughly 1/n. 
• Informally, this means there are heaps of primes of any size, 
and it is quite easy to hit one by just picking at random. 
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Modern Uses of Prime Numbers 

Primes (typically small primes) are used in 
many algebraic error correction codes 
(improving reliability of communication, 
storage, memory devices, etc.). 
 
Primes (always huge primes) serve as a basis 
for many public key cryptosystems (serving to 
improve confidentiality of communication). 
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Randomized Testing of 
Primality/Compositeness 

Now that we know there are heaps of primes, we would like to 
efficiently test if a given integer is prime. 
Given an n bits integer m,  2 n-1 ≤  m < 2n, we want to 
determine if m is composite. 
The search problem, “given m , find all its factors" is believed 
to be intractable. 
Trial division factors an n bit number in time O(2n/2). The best 
algorithm to date, the general number field sieve algorithm, 
does so in                   .  (In 2010, RSA-768, a “hard" 768 bit 
composite, or 232 decimal digits, composite,  was factored 
using this algorithm and heaps of concurrent hardware.) 
 
Does this imply that determining if m is prime is also (believed 
to be) intractable? 

40 
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Randomized Primality (Actually 
Compositeness) Testing 

Question: Is there a better way to solve the 
decision problem (test if m is composite) than by 
solving the search problem (factor m)? 
 
Basic Idea [Solovay-Strassen, 1977]: To show that 
m is composite, enough to find evidence that m 
does not behave like a prime. Such evidence 
need not include any prime factor of m. 
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Fermat's Little Theorem 

Let p be a prime number, and a any integer in 
the range  1 ≤ a ≤ p - 1. 
 
Then ap-1 = 1 (mod p). 
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Fermat's Little Theorem, Applied to Primality 

By Fermat's little theorem, if p is a prime and a is in 
the range 1 ≤ a ≤ p – 1 then ap-1 = 1 (mod p). 
 
Suppose that we are given an integer, m, and for some 
a in in the range  1 ≤ a ≤ m – 1 , am-1 ≠ 1 (mod m). 
 
Such a supplies a concrete evidence that m is 
composite (but says nothing about m's factorization). 
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Fermat Test: Example 
Let us show that the following 164 digits integer, m, is composite. 
We will use Fermat test, employing the good old pow function. 
 
>>> m=57586096570152913699974892898380567793532123114264532903689671329 
43152103259505773547621272182134183706006357515644099320875282421708540 
9959745236008778839218983091 
>>> a=65 
>>> pow(a,m-1,m) 
28361384576084316965644957136741933367754516545598710311795971496746369 
83813383438165679144073738154035607602371547067233363944692503612270610 
9766372616458933005882      # does not look like 1 to me 
 
This proof gives no clue on m's factorization, but I just happened to 
bring the factorization along with me, tightly placed in my 
backpack: 
m = (2271 + 855)(2273 + 5) . 
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Randomized Primality Testing 
• The input is an integer m with n bits (2n-1 < m < 2n) 
• Pick a in the range 1 ≤ a ≤ m - 1 at random and 
independently. 
• Check if a is a witness ( am-1 ≠ 1 mod m ) (Fermat test 
for a,m). 
• If a is a witness, output “m is composite". 
• If no witness found, output “m is prime". 
 
It was shown by Miller and Rabin that if m is composite, 
then at least 3/4 of all 
 a     {1,2, … , m-1 } are witnesses. 
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Randomized Primality Testing (2) 
It was shown by Miller and Rabin that if m is composite, then 
at least 3/4 of all  a     {1,2, … , m-1 } are witnesses. 
If m is prime, then by Fermat's little theorem, 
 no a      {1,2, … , m-1 } is a witness. 
 
Picking a      {1,2, … , m-1 } at random yields an algorithm that 
gives the right answer if m is composite with probability at 
least 3/4, and always gives the right answer if m is prime. 
 
However, this means that if m is composite, the algorithm 
could err with probability as high as 1/4. 
 
How can we guarantee a smaller error? 
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Randomized Primality Testing (3) 
• The input is an integer m with n bits (2n-1 < m < 2n) 
•  Repeat 100 times 

•  Pick a in the range range 1 ≤ a ≤ m - 1 at random and 
independently. 
•  Check if a is a witness (am-1 ≠ 1 mod m ) (Fermat test for a,m). 

•  If one or more a is a witness, output “m is composite". 
•  If no witness found, output “m is prime". 
 
Remark: This idea, which we term Fermat primality test, is based 
upon seminal works of Solovay and Strassen in 1977, and Miller and 
Rabin, in 1980. 
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Properties of Fermat Primality Testing 
Randomized: uses coin flips to pick the a's. 
 Run time is polynomial in n, the length of m. 
 If m is prime, the algorithm always outputs “m is prime". 
 If m is composite, the algorithm may err and outputs “m is 
prime". 
 Miller-Rabin showed that if m is composite, then at least 3/4 
of all a     {1,2, … , m-1} are witnesses. 
 To err, all random choices of a's should yield non-witnesses. 
Therefore, the probability of error is less then (1/4)100  , a very 
small number 
Note: With much higher probability the roof will collapse over 
your heads as you read this line, an atomic bomb will go off 
within a 1000 miles radius, an earthquake of Richter 
magnitude  7.3 will hit Tel-Aviv in the next 24 hours, etc., etc. 
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Primality Testing: Simple Python Code 
import random # random numbers package 
def is_prime(m, show_witness = False ): 
         """ probabilistic test for m's compositeness """ 
         for i in range (0 ,100): 
                a = random.randint (1,m -1) # random integer in [1..m -1] 
                if pow (a,m -1,m) != 1: 
                       if show_witness : # caller wishes to see a witness 
                               print (m," is composite ", "\n",a," is a witness ") 
                       return False 
         return True 
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Primality Testing: running the Code 
Let us now run this on some fairly large numbers: 
>>> is_prime (3**100+126) 
False 
>>> is_prime (5**100+126) 
True 
>>> is_prime (7**80 -180) 
True 
>>> is_prime (7**80 -18) 
False 
>>> is_prime (7**80+106) 
True 
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Primality Testing: showing the witness 

>>> is_prime (3**100+126) 
False 
>>> is_prime (3**100+126 , show_witness = True ) 
2080522921651077806128700297648220720969462780 is a 
witness 
False 
>>> is_prime (7**80 -18 , show_witness = True ) 
27277709012902241113235322330530894122686902517195
888192147912455730 is a witness 
False 
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Pushing Your Machine to the Limit 

You may try to verify that the largest known prime 
(so far) is indeed prime. But do take it easy. Even one 
witness will push your machine way beyond its 
computational limit. 
It is a good idea to think why this is so. 
>>> m =2**57885161 -1 
>>> pow (56 ,m -1,m )==1 
       # patience , young lads ! 
       # and even more patience !! 
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Trust, But Check! 
We said (quoting Miller and Rabin) that if if m is composite, 
then at least 3/4 of all a between 1 and m-1 are witnesses. 
This is almost true. 
There are some annoying numbers, known as Carmichael 
numbers, where this does not happen. 
However: 
These numbers are very rare and it is highly unlikely you'll run 
into one, unless you really try hard. 
A small (and efficient) extension of Fermat's test takes care of 
these annoying numbers as well. 
 If you want the details, you will have to look it up, or take the 
elective crypto course. 
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Primality Testing: Practice and Theory 

For all practical purposes, the randomized algorithm 
based on the Fermat test (and various optimizations 
thereof) supplies a satisfactory solution for 
identifying primes. 
 
Still the question whether composites / primes can 
be recognized efficiently without tossing coins (in 
deterministic polynomial time, i.e. polynomial in n, 
the length in bits of m), remained open for many 
years. 
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Deterministic Primality Testing 
In summer 2002, Prof. Manindra Agrawal and his Ph.D. 
students Neeraj Kayal and Nitin Saxena, from the India 
Institute of Technology, Kanpur, finally found a deterministic 
polynomial time algorithm for determining primality. Initially, 
their algorithm ran in time O(n12). In 2005, Carl Pomerance 
and H. W. Lenstra, Jr. improved this to running in time O(n6). 
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Agrawal, Kayal, and Saxena received the 
2006 Fulkerson Prize and 
the 2006 Gödel Prize for their work. 



Fermat's Last Theorem  
(a cornerstone of Western civilization) 

You are all familiar with Pythagorean triplets: Integers a,b,c ≥ 1 
Satisfying  a2 + b2= c2  e.g. a = 3, b = 4,c = 5, or a = 20,b = 99,c = 
101, etc. 
Conjecture: There is no solution to  an + bn = cn  with integers    
a, b,c ≥ 1 and n ≥ 3. 
In 1637, the French mathematician Pierre de Fermat, wrote 
some comments in the margin of a copy of Diophantus' book, 
Arithmetica. Fermat claimed he had a wonderful proof that no 
such solution exists, but the proof is too large to t in the margin. 
The conjecture mesmerized the mathematics world. It was 
proved by Andrew Wiles in 1993-94 (the proof process involved 
a huge drama). 
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Finding the Next Prime 
def next_prime ( start ): 
      """ find the first prime >= start """ 
       for i in range (start ,2* start ): 
              if is_prime (i): 
                    return i,i- start 
 
>>> next_prime (2**100) 
(1267650600228229401496703205653 ,277) 
>>> next_prime (2**200) 
(160693804425899027554196209234116260252220299378279283
5301611 ,235) 
>>> next_prime (2**300) 
(203703597633448608626844568840937816105146839366593625
0636140449354381299763336706183397533 ,157) 
We hope you now believe the prime number theorem (and us :-). 
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Randomized Primality Testing:  
A Small Optimization 

Half of all integers are divisible by 2, one third by 3, 
etc. Given m add a small test to see if m is divisible 
by a very small prime, before embarking on trying to 
find a witness. This is a very simple example of 
applying a sieve. 
 
We set a default parameter sieve=False to control 
the application of this additional test. 
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Randomized Primality Testing:  
A Small Optimization 

def is_prime1 (m, show_witness =False , sieve = False ): 
     """ probabilistic test for m's compositenes adds a trivial 
      sieve to quickly eliminate divisibility by small primes """ 
if sieve : 
      for prime in [2 ,3 ,5 ,7 ,11 ,13 ,17 ,19 ,23 ,29]: 
             if m % prime == 0: 
                    return False 
for i in range (0 ,100): 
       a = random . randint (1,m -1) #random integer in [1..m -1] 
       if pow (a,m -1,m) != 1: 
              if show_witness : # caller wishes to see a witness 
                      print (m,"is composite ","\n",a, 
                       \ "is a witness , i=",i+1) 
              return False 
return True 59 



Randomized Primality Testing:  
A Small Optimization 

Does this sieve help? One could expect a speedup of, say, factor 
10. But it is at all easy to analyze. We can try clocking it, but this 
will not do it in class. 
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