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Lecture 12 Highlights

I MergeSort

I Towers of Hanoi
I ”Monsters of Hanoi” ‡

I Finding individual moves in Hanoi Towers.
I Binary search, revisited.
I Tail recursion

‡ c© Benny Chor
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Lecture 13 Plan

I Revisiting the results of fibonacci
I Memoization
I Recursion depth limit

I The eight queens problem

I Two additional examples for recursion:
I male and female
I Ackermann function
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Pitfalls of Using Recursion

Every modern programming language, including, of course, Python,
supports recursion as one of the built-in control mechanism.
However, recursion is not the only control mechanism in Python, and
surely is not the one employed most often.

Furthermore, as we will now see, cases where “naive recursion” is
highly convenient for writing code may lead to highly inefficient run
times. For this reason, we will also introduce techniques to get rid of
recursion. We note, however, that in some cases, eliminating
recursion altogether requires very crude means.
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Computing Fibonacci Numbers

We coded Fibonacci numbers, using recursion, as following:

def fibonacci(n):

""" plain Fibonacci , using recursion """

if n<2:

return 1

else:

return fibonacci(n-2)+ fibonacci(n-1)

But surely nothing could go wrong with such simple and elegant
code... To investigate this, let us explore the running time:
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Computing Fibonacci Numbers

But surely nothing could go wrong with such simple and elegant
code... To investigate this, let us explore the running time:

>>> fibonacci (30)

1346269

>>> elapsed("fibonacci (30)")

0.31555

>>> elapsed("fibonacci (35)")

3.4169379999999996

>>> elapsed("fibonacci (40)")

38.288004

>>> elapsed("fibonacci (45)")

432.662887 # over 7 minutes !!
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Inefficiency of Computing Fibonacci Numbers

What is causing this exponential growth in running time?

def fibonacci(n):

""" plain Fibonacci , using recursion """

if n<2:

return 1

else:

return fibonacci(n-2)+ fibonacci(n-1)

Going over the computation mentally (or inserting print commands to
track execution “physically”), we observe that fibonacci(1),
fibonacci(2), fibonacci(3), etc. are computed over and over.
This is highly wasteful and causes a huge overhead.
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Inefficiency of Computing Fibonacci Numbers
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Count: Measuring the Inefficiency
We can easily modify the code, so it also counts the number of
function invocations, using a global variable, count.

def count_fibonacci(n):

""" recursive Fibonacci + counting no. of function invocations """

global count

count +=1

if n<2:

return 1

else:

return count_fibonacci(n-2)+ count_fibonacci(n-1)

>>> count=0

>>> count_fibonacci (30)

1346269

>>> count

2692537

>>> count=0

>>> count_fibonacci (40)

102334155

>>> count

204668309 # over 200 million invocations
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Count vs. fibonacci(n)

>>> count=0

>>> count fibonacci(20)

10946

>>> count

21891

>>> count=0

>>> count fibonacci(30)

1346269

>>> count

2692537

>>> count=0

>>> count fibonacci(40)

165580141

>>> count

331160281 # over 300 million invocations

Can you see some relation between the returned value and count?
Do you think this is a coincidence?

Try to prove, using induction: count(n)= 2 · Fn − 1.
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Intuition for Efficiently Computing Fibonacci Numbers

Instead of computing from scratch, we will introduce variables
fib[0], fib[1], fib[2],.... The value of each such variable
will be computed just once. Rather than recomputing it, we will fetch
the value from memory, when needed.

The technique of storing values instead of re-computing them has
different names in different contexts: It is known as memorization, a
term coined by Donald Michie in 1968. In programming languages
like Lisp (of which Scheme is a variant), where recursion is used
heavily, there are programs to do this optimization automatically, at
run time. These are often termed memoization.

In other contexts, such as stringology, this technique (remember and
reuse computed values, rather than re-computing them) is often used
as part of dynamic programming.
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Python’s Dictionary (dict)
In the next version of the function, fibonacci2, we will exploit a
highly useful data structure in Python, the dictionary (class dict).
This is a mutable class, storing key:value pairs. The keys (but not
the values) should be immutable.

>>> students ={"Dzutv Rztvsud":48322167 , "Wpbo Fgrv":26753752}

# creating a dictionary

>>> "Dzutv Rztvsud" in students # membership query

True

>>> "Al Capone" in students

False

>>> students["Dzutv Rztvsud"] # retrieving value of existing key

48322167

>>> students["Al Capone"]=48322167 # inserting a new key + value

>>> students

{’Wpbo Fgrv’: 26753752 , ’Dzutv Rztvsud ’: 48322167 ,

’Al Capone ’: 48322167}

>>> type(students)

<class ’dict’>

Python’s dict does not support having different items with the same
key (it keeps only the most recent item with a given key).
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Fibonacci Numbers: Recursive Code with Memoization

We will use a dictionary – an indexed data structure that can grow
dynamically. This dictionary, which we name fib, will contain the
Fibonacci numbers already computed.
We initialize the dictionary with fib dict[0]=1 and
fib dict[1]=1.

# initial fib dictionary with first two elements

fib_dict ={0:1 ,1:1}

def fibonacci2(n):

""" recursive Fibonacci , employing

memorization in a dictionary """

#print(n) # diagnostic printing

if n not in fib_dict:

res = fibonacci2(n-2) + fibonacci2(n-1)

fib_dict[n] = res

return fib_dict[n]
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Recursive Fibonacci Code with Memoization: Execution
fibonacci2 is recursive, with exactly the same control flow of
fibonacci, only it stores intermediate values that were already
computed. This small change implies a huge performance difference:
>>> elapsed("fibonacci (35)")

3.468762815513315

>>> elapsed("fibonacci2 (35)")

8.053997947143898e-05

>>> elapsed("fibonacci2 (35)")

5.1364782827079125e-05 # fib_dict has all the values ,

# so no computation needed

>>> elapsed("fibonacci (40)")

38.77776019960766

>>>fib_dict ={0:1 ,1:1}; elapsed("fibonacci2 (40)")

7.396528727099394e-05

>>> elapsed("fibonacci (45)")

451.18211404296727 # 7.5 minutes !!

>>>fib_dict ={0:1 ,1:1}; elapsed("fibonacci2 (45)")

6.287049416187074e-05

>>> fib_dict;fibonacci2 (5); fib_dict # 3 for the price of 1

{0: 1, 1: 1}

5

{0: 1, 1: 1, 2: 2, 3: 3, 4: 5} # in case you were wondering
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Pushing Performance to the Limit

>>> fib_dict ={0:1 ,1:1}; elapsed("fibonacci2 (1000)")

0.001612854181075818

>>> fib_dict ={0:1 ,1:1}; elapsed("fibonacci2 (1100)")

0.00015779261320858495

>>> fib_dict ={0:1 ,1:1}; elapsed("fibonacci2 (1500)")

0.00043351876684027957

>>> fib_dict ={0:1 ,1:1}; elapsed("fibonacci2 (2000)")

0.0004811852854800236

>>> fib_dict ={0:1 ,1:1}; elapsed("fibonacci2 (3000)")

Traceback (most recent call last):

# removed most of the error message

File "C:\ Users\amiramy\Documents\amiramy\IntroCS2012\Code\Intro9\fibonacci2.py", line 31, in fibonacci2

fib_dict[n]= fibonacci2(n-1)+ fibonacci2(n-2)

RuntimeError: maximum recursion depth exceeded

What the $#*& is going on?
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Python Recursion Depth

While recursion provides a powerful and very convenient means to
designing and writing code, this convenience is not for free. Each
time we call a function, Python (and every other programming
language) adds another “frame” to the current “environment”. This
entails allocation of memory for local variables, function parameters,
etc.

Nested recursive calls, like the one we have in fibonacci2, build a
deeper and deeper stack of such frames.

Most programming languages’ implementations limit this recursion
depth. Specifically, Python has a nominal default limit of 1,000 on
recursion depth. However, the user (you, that is), can modify the
limit (within reason, of course).
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Pushing Performance to the Limit

Recall the recursion depth of fibonacci2 is n/2.

>>> fib_dict ={0:1 ,1:1}; elapsed("fibonacci2 (1000)") #depth 500

#actially a bit less than 500, since 2 elements are already in dict

0.001612854181075818

>>> fib_dict ={0:1 ,1:1}; elapsed("fibonacci2 (1100)") #depth 550

0.00015779261320858495

>>> fib_dict ={0:1 ,1:1}; elapsed("fibonacci2 (1500)") #depth 750

0.00043351876684027957

>>> fib_dict ={0:1 ,1:1}; elapsed("fibonacci2 (2000)") #depth 1000

0.0004811852854800236

>>> fib_dict ={0:1 ,1:1}; elapsed("fibonacci2 (3000)") #depth 1500 !

Traceback (most recent call last):

# removed most of the error message

File "C:\ Users\amiramy\Documents\amiramy\IntroCS2012\Code\Intro9\fibonacci2.py", line 31, in fibonacci2

fib_dict[n]= fibonacci2(n-1)+ fibonacci2(n-2)

RuntimeError: maximum recursion depth exceeded
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Changing Python Recursion Depth

You can import the Python sys library, find out what the limit is,
and also change it.
>>> import sys

>>> sys.getrecursionlimit() # find recursion depth limit

1000

>>> sys.setrecursionlimit(20000) # change limit to 20,000

>>> fibonacci2(3000)

664390460366960072280217847866028384244163512452783259405579765542621214

1612192573964498109829998203911322268028094651324463493319944094349260190

4534272374918853031699467847355132063510109961938297318162258568733693978

4373527897555489486841726131733814340129175622450421605101025897173235990

66277020375643878651753054710112374884914025268612010403264702514559895667

590213501056690978312495943646982555831428970135422715178460286571078062467

510705656982282054284666032181383889627581975328137149180900441221912485637

512169481172872421366781457732661852147835766185901896731335484017840319755

9969056510791709859144173304364898001 # hurray
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Fibonacci Numbers: Iterative (Non Recursive) Solution

We saw that memoization improved the performance of computing
Fibonacci numbers dramatically (the function fibonacci2).

We now show that to compute Fibonacci numbers, the recursion can
be eliminated altogether:

This time, we will maintain a list data structure, denoted fibb. Its
elements will be fibb[0],fibb[1],fibb[2],...,fibb[n] (n+ 1
elements altogether for computing Fn).
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Fibonacci Numbers: Iterative (Non Recursive) Solution,
cont.

This time, we will maintain a list data structure, denoted fibb. Its
elements will be fibb[0],fibb[1],fibb[2],...,fibb[n] (n+ 1
elements altogether for computing Fn).

Upon generating the list, all its values are set to 0.

Next, we initialize the values fibb[0]=fibb[1]=1.

And then we simply iterate, determine the value of the k-th element,
fibb[k], after fibb[k-2], and fibb[k-1] were already determined.

No recursion implies no nested function calls, hence reduced overhead
(and no need to confront Python’s recursion depth limit :-).
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Iterative Fibonacci Solution: Python Code

def fibonacci3(n):

""" iterative Fibonacci , employing

memorization in a list """

if n<2:

return 1

else:

fibb =[0 for i in range(n+1)]

fibb [0]= fibb [1]=1 # initialize

for k in range(2,n+1):

fibb[k] = fibb[k-1] + fibb[k-2] # update next element

return fibb[n]

21 / 45



Recursive vs. Iterative: Timing

Let us now do some performance comparisons:
fibonacci2 vs. fibonacci3:

>>> import sys

>>> sys.setrecursionlimit (20000)

>>> elapsed("fibonacci2 (2000)")

0.003454221497536104

>>> elapsed("fibonacci3 (2000)")

0.0008148609599825107

>>> elapsed("fibonacci2 (2000)")

5.9172959268494196e-05

>>> elapsed("fibonacci3 (2000)")

0.0008156828066319122

>>>

As we saw, fibonacci2 runs faster the second time (when fib dict

has already been computed).
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Finally: Iterative Fibonacci Solution Using O(1) Memory

No, we are not satisfied yet.

Think about the algorithm’s execution flow. Suppose we have just
executed the assignment fibb[4]=fibb[2]+fibb[3]. This entry
will subsequently be used to determine fibb[5] and fibb[6]. But
then we make no further use of fibb[4]. It just lies, basking happily,
in the memory (much like good old Agama stellio).

The following observation holds in “real life” as well as in the
“computational world”: Time and space (memory, at least a
computer’s memory) are important resources that have a
fundamental difference:
Time cannot be re-used, while memory (space) can be.
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Iterative Fibonacci Reusing Memory

At any point in the computation, we can maintain just two values,
fibb[k-2] and fibb[k-1]. We use them to compute fibb[k], and
then reclaim the space used by fibb[k-2] to store fibb[k-1] in it.

In practice, we will maintain two variables, previous and current.
Every iteration, those will be updated. Normally, we would need a
third variable next for keeping a value temporarily. However Python
supports the “simultaneous” assignment of multiple variables (first
the right hand side is evaluated, then the left hand side is assigned).
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Iterative Fibonacci Reusing Memory: Code

def fibonacci4(n):

""" fibonacci in O(1) memory """

if n<2:

return 1 # base case

else:

previous =1

current =1

for i in range(n-1): # n-1 iterations (count carefully)

current , previous=previous+current , current

# simultaneous assignment

return current

>>> for i in range (0 ,7):

print(fibonacci4(i))

# sanity check

1

1

2

3

5

8

13
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Iterative Fibonacci Code, Reusing Memory: Performance
Reusing memory can surely help if memory consumption is an issue.
Does it help with runtime as well?

>>> elapsed("fibonacci3 (10000)",number =100)

0.7590410000000001

>>> elapsed("fibonacci4 (10000)",number =100)

0.3688609999999999

>>> elapsed("fibonacci3 (30000)",number =100)

4.650388

>>> elapsed("fibonacci4 (30000)",number =100)

2.024259

>>> elapsed("fibonacci3 (100000)",number =10)

6.150758999999999

>>> elapsed("fibonacci4 (100000)",number =10)

1.8084930000000004

We see that there is about 50–70% saving in time. Not dramatic, but
significant in certain circumstances.

The difference has to do with different speed of access to different
level cache in the computer memory. The fibonacci4 function uses
O(1) memory vs. the O(n) memory usage of fibonacci3.
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Closed Form Formula

And to really conclude our Fibonacci excursion, we note that there is
a closed form formula for the n-th Fibonacci number,

Fn =

(
1+
√
5

2

)n+1
−
(
1−
√
5

2

)n+1

√
5

.

You can verify this by induction. You will even be able to derive it
yourself, using generating functions (studied in the discrete
mathematics course).
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Closed Form Formula: Code, and Danger
def closed_fib(n):

""" code for closed form Fibonacci number """

return round (((1+5**0.5)**n -(1 -5**0.5)**n)/(2**n*5**0.5))

>>> for i in range (1 ,6):

print(i*10, fibonacci4(i*10), closed_fib(i*10))

# sanity check

10 89 89

20 10946 10946

30 1346269 1346269

40 165580141 165580141

50 20365011074 20365011074

However, being aware that floating point arithmetic in Python (and
other programming languages) has finite precision, we are not
convinced, and push for larger values:
>>> for i in range (40 ,90):

if fibonacci4(i) != closed_fib(i):

print(i, fibonacci4(i), closed_fib(i))

break

70 308061521170129 308061521170130

Bingo!
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Reflections: Memoization, Iteration, Memory Reuse

In the Fibonacci numbers example, all the techniques above proved
relevant and worthwhile performance wise. These techniques won’t
always be applicable for every recursive implementation of a function.

Consider quicksort as a specific example. In any specific execution,
we never call quicksort on the same set of elements more than once
(think why this is true).
So memoization is not applicable to quicksort. And replacing
recursion by iteration, even if applicable, may not be worth the
trouble and surely will result in less elegant and possibly more error
prone code.

Even if these techniques are applicable, the transformation is often
not automatic, and if we deal with small instances where performance
is not an issue, such optimization may be a waste of effort.
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A Guided Tour of the n Queens Problem
Given a chess board, how many ways are there to place 8 queens on
it, such that no queen threatens another?

Generalization: Given an nXn chess board, how many ways are there
to place n queens on it, such that no queen threatens another?

We will explore a possible path to the solution, employing IDLE and
additional high tech means (e.g chalk, blackboard, waving hands,
etc.).

(figure from Wikipedia)
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Overall Structure: the n Queens Problem

• We build the solution incrementally, column by column.

• We maintain a partial solution (implemented as a list).

• The partial solution is initially empty.

• We try to extend partial solutions recursively by placing a queen
in all possible rows in the next column.

• We check if adding a queen to a given partial solution is legal. If
it is, the partial solution is extended (and number of remaining
columns decreased by 1).

• Once all columns are exhausted, we have a solution
(contributing a 1 to the overall number of solutions).

Note that whatever we propose here (or elsewhere :-) is not the only
possible approach. We do try, however, to propose a simple solution
to the problem.
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Representation of the board

How should we represent the chess board in the computer’s memory?

A trivial way would be a Python’s list, containing n lists each of
length n.

But in this case, a one dimensional list of lemgth n would suffice.
How?

Is that better?
Obviously this option is more efficient in terms of space (memory)
complexity. On the other hand, it will complicate the solution a bit.
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Functions and “Signatures” used in the n Queens Problem

def queens(n):

’’’ how many ways to place n queens on an nXn board? ’’’

def queens_rec(n, partial ):

’’’ Given a list representing partial placement of queens ,

can we legally extend it ? ’’’

def legal(partial , i):

’’’ Can we place a queen in the next column in row i ? ’’’

Full code will be shown and explained in class.

Execution example:

>>> queens (3)

0

>>> queens (8)

92

>>> queens (15) #ran overnight ...

2279184
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Execusion examples, including prints, n=3

>>> queens (3)

partial= [] possible to add queen at row 0 ? True

partial= [0] possible to add queen at row 0 ? False

partial= [0] possible to add queen at row 1 ? False

partial= [0] possible to add queen at row 2 ? True

partial= [0, 2] possible to add queen at row 0 ? False

partial= [0, 2] possible to add queen at row 1 ? False

partial= [0, 2] possible to add queen at row 2 ? False

partial= [] possible to add queen at row 1 ? True

partial= [1] possible to add queen at row 0 ? False

partial= [1] possible to add queen at row 1 ? False

partial= [1] possible to add queen at row 2 ? False

partial= [] possible to add queen at row 2 ? True

partial= [2] possible to add queen at row 0 ? True

partial= [2, 0] possible to add queen at row 0 ? False

partial= [2, 0] possible to add queen at row 1 ? False

partial= [2, 0] possible to add queen at row 2 ? False

partial= [2] possible to add queen at row 1 ? False

partial= [2] possible to add queen at row 2 ? False

0 #no legal placement
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Execusion examples, including prints, n=4

>>> queens (4)

partial= [] possible to add queen at row 0 ? True

partial= [0] possible to add queen at row 0 ? False

partial= [0] possible to add queen at row 1 ? False

partial= [0] possible to add queen at row 2 ? True

partial= [0, 2] possible to add queen at row 0 ? False

...

partial= [1, 3, 0] possible to add queen at row 2 ? True

[1, 3, 0, 2] #Hurray!

partial= [1, 3, 0] possible to add queen at row 3 ? False

...

partial= [2, 0, 3] possible to add queen at row 1 ? True

[2, 0, 3, 1] #Hurray Hurray!

...

2 #2 legal placements
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A less efficient solution
It is complicated to analyze time complexity of the code we saw, as
the recursion tree has a very complicated structure.

Here is another, less efficient, version.

def queens_rec_non_efficient(n, partial ):

if len(partial )==n: #checks validity of queens only when all n queens are placed

if sorted(partial )== list(range(n)) and \

len(set([i-partial[i] for i in range(n)])) == n and \

len(set([i+partial[i] for i in range(n)])) == n:

#print("legal:",partial)

return 1 #all n queens are placed legally

else:

#print(" illegal:",partial)

return 0

else:

cnt=0

for i in range(n):

if i not in partial:

cnt += queens_rec_non_efficient(n, partial +[i])

return cnt

Now, even for n=8 we have to wait for quite some time.
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A less efficient solution

This version performs nn iterations (not all yeild recursive calls).
The number of leaves in the recursion tree is n! (number of
permutations checked).
Note that the leaves nodes require more than O(1) time (how
much?).
There is only one way to put it - this is a terrible solution !
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Extensions to the n Queens Problem

Once we understand the solution, fairly simple modifications will yield

• Not just number of solutions, but a list specifying all solutions.

• Placing k queens on an n-by-n board, k ≤ n.

• Placing k queens on an n-by-m board, k ≤ n ≤ m.

• Placing n rooks on an n-by-n board.

• Placing n bishops on an n-by-n board.

• Mixing queens, bishops, rooks on an n-by-n board (not so
simple, but not that bad either).
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Not for the Soft At Heart: the Ackermann Function

This recursive function, invented by the German mathematician
Wilhelm Friedrich Ackermann (1896–1962), is defined as following:

A(m,n) =


n+ 1 if m = 0
A(m− 1, 1) if m > 0 and n = 0
A(m− 1, A(m,n− 1)) if m > 0 and n > 0 .

This is a total recursive function, namely it is defined for all
arguments (pairs of non negative integers), and is computable (it is
easy to write Python code for it). However, it is what is known as a
non primitive recursive function, and one manifestation of this is its
huge rate of growth.

You will meet the inverse of the Ackermann function in the data
structures course as an example of a function that grows to infinity
very very slowly.
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Ackermann function: Python Code

Writing down Python code for the Ackermann function is easy – just
follow the definition.

def ackermann(m,n):

# Ackermann function

if m==0:

return n+1

elif m>0 and n==0:

return ackermann(m-1,1)

else:

return ackermann(m-1,ackermann(m,n-1))

However, running it with m ≥ 4 and any positive n causes run time
errors, due to exceeding Python’s maximum recursion depth. Even
ackermann(4,1) causes such a outcome.
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Ackermann function and Python Recursion Depth

However, running it with m ≥ 4 and any positive n causes run time
errors, due to exceeding Python’s maximum recursion depth. Even
ackermann(4,1) causes such outcome.

However, even with this much larger recursion limit, say 100,000,
only on Linux did ackermann(4,1) ran to completion (returning just
65,533, by the way). On an 8GB RAM machine running either MAC
OSX 10.6.8 or Windows 7, it simply crashed (reporting
“segmentation fault”).

Adventurous? ackermann(4,2) will exceed any recursion depth that
Python will accept, and cause your execution to crash.

This is what happens with such rapidly growing functions.
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More Complicated Recursion

A pair of functions f(·), g(·), where the definition of the first
function, f(·), includes a call to the second function, g(·), and the
definition of the second function, g(·), includes a call to the first
function, f(·), are also called recursive functions.
This definition generalizes to more functions as well.

The following example is due to Douglas R. Hofstadter, the well
known cognitive scientist (and physicist, mathematician, computer
scientist, etc.), who is possibly best known as the author of the book
“Gödel, Escher, Bach: an Eternal Golden Braid”. It involves the
Female (F) and Male (M) sequences, defined on the next slide.
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Hofstadter Female and Male Sequences

Are defined as following:

F (0) = 1, M(0) = 0,
F (n) = n−M(F (n− 1)), n > 1
M(n) = n− F (M(n− 1)), n > 1

The following Python code computes these sequences:

def female(n):

if n<=0:

return 1

else:

return n - male(female(n-1))

def male(n):

if n<=0:

return 0

else:

return n - female(male(n-1))
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Hofstadter Female and Male Sequences

F: 1, 1, 2, 2, 3, 3, 4, 5, 5, 6, 6, 7, 8, 8, 9, 9, 10, 11, 11, 12, 13, ...
M: 0, 0, 1, 2, 2, 3, 4, 4, 5, 6, 6, 7, 7, 8, 9, 9, 10, 11, 11, 12, 12, ...
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Recursion in Other Programming Languages
Python, C, Java, and most other programming languages employ
recursion as well as a variety of other flow control mechanisms.

By way of contrast, all LISP dialects (including Scheme) use
recursion as their major control mechanism. We saw that recursion is
often not the most efficient implementation mechanism.

Taken together with the central role of eval in LISP, this may have
prompted the following statement, attributed to Alan Perlis of Yale
University (1922-1990): “LISP programmers know the value of
everything, and the cost of nothing”.

In fact, the origin of this quote goes back to Oscar Wilde. In The
Picture of Dorian Gray (1891), Lord Darlington defines a cynic as “a
man who knows the price of everything and the value of nothing”.
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