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Recursion

A function f(·), whose definition contains a call to f(·) itself, is
called recursive.

A simple example is the factorial function, n! = 1 · 2 · . . . · n.
It can be coded in Python, using recursion, as following:
def factorial(n):

if n==1:

return 1

else:

return n*factorial(n-1)

A second simple example is the Fibonacci numbers, defined by
F1 = 1, F2 = 1, and for n > 2, Fn = Fn−2 + Fn−1.
A Fibonacci numbers function can be programmed in Python, using
recursion, as following:
def fibonacci(n):

if n<=2:

return 1

else:

return fibonacci(n-2)+fibonacci(n-1)
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Recursion and Convergence

At first sight, one may suspect that the recursive definitions above
will lead nowhere. Or in other words, that they are cyclical and will
never converge. This surely is not the case, and for specific instances
one can simply run the code and get the (correct) answers.

>>> factorial(19)

121645100408832000

>>> fibonacci(21)

10946

There are two keys to the correct design of recursive functions. The
first one is to have a base case (one or more), which is the halting
condition (no deeper recursion). In the factorial example, the base
case was the condition n==1. In the Fibonacci example, it was n<=2.
The second “design principle” is to make sure that all executions, or
“runs”, of the recursion lead to one of these base cases.
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Recursion and Cyclicity

Recursive definitions that are cyclical will naturally not converge. A
famous example is the following “dictionary definition” of recursion:

Recursion
re·cur·sion
n. Mathematics

See ”Recursion”.
[from Latin recursus, past participle of recurrere, to run back;
see recur.]

You may also explore Google’s version.
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Choice of Base Cases

Recursive definitions that are seemingly proper may in fact diverge
(lead to an infinite loop), due to unforeseen conditions in which the
base cases are never reached. Consider, for example, the factorial
function,

>>> factorial(1.9)

>>> factorial(0)

will both create an infinite loop.

(How would you fix it? Does it need fixing in the first place?)
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More Complicated Recursion

A pair of functions f(·), g(·), where the definition of the first
function, f(·), includes a call to the second function, g(·), and the
definition of the second function, g(·), includes a call to the first
function, f(·), are also called recursive functions.
This definition generalizes to more functions as well.

The following example is due to Douglas R. Hofstadter, the well
known cognitive scientist (and physicist, mathematician, computer
scientist, etc.), who is possibly best known as the author of the book
“Gödel, Escher, Bach: an Eternal Golden Braid”. It involves the
Female (F) and Male (M) sequences, defined on the next slide.
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Hofstadter Female and Male Sequences

Are defined as following:

F (0) = 1, M(0) = 0,
F (n) = n−M(F (n− 1)), n > 1
M(n) = n− F (M(n− 1)), n > 1

The following Python code computes these sequences:

def female(n):

if n<=0:

return 1

else:

return n - male(female(n-1))

def male(n):

if n<=0:

return 0

else:

return n - female(male(n-1))
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M = 0, 0, 1, 2, 2, 3, 4, 4, 5, 6, 6, 7, 7, 8, 9, 9, ...
F= 1, 1, 2, 2, 3, 3, 4, 5, 5, 6, 6, 7, 8, 8, 9, 9, ...
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Binary Search, Revisited

We saw an iterative version of binary search.

def binary_search(key ,lst):

""" iterative binary search

lst better be sorted for binary search to work """

n=len(lst)

lower=0

upper=n-1

outcome=None # default value

while lower <=upper:

middle =(upper+lower )//2

if key==lst[middle ].name: # item found

outcome=lst[middle]

break # gets out of the loop if key was found

elif key <lst[middle ].name: # item cannot be in top half

upper=middle -1

else: # item cannot be in bottom half

lower=middle +1

if not outcome: # holds when the key is not in the list

print(key , "not found")

return outcome
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Binary Search, Recursively
Here is a recursive implementation of the same task. This code
follows the iterative code closely. It passes the key, the original list
and two indices (lower, upper) to the recursive call.

def rec_binary_search(key ,lst ,lower ,upper):

""" recursive binary search.

passing lower and upper indices """

# print(lower ,upper) # for debugging purposes

if lower >upper:

return None

elif lower==upper:

if key==lst[lower].name:

return lst[lower]

else:

return None

elif key==lst[(lower+upper )//2]. name:

return lst[(lower+upper )//2]

elif key <lst[(lower+upper )//2]. name:

# item cannot be in top half

return rec_binary_search(key ,lst ,lower ,(lower+upper )//2 -1)

else: # item cannot be in bottom half

return rec_binary_search(key ,lst ,(lower+upper )//2+1 , upper)

11 / 40



Recursive Binary Search, Example Runs
Input list contains objects from the Student class.

>>> from binary_search import *

>>> stkist=students (10**5)

>>> srt=sorted(stkist)

>>> binary_search(srt [11]. name ,srt)

<Abe Kwip , 35285412 >

>>> rec_binary_search(srt [11]. name ,srt ,0,len(srt))

<Abe Kwip , 35285412 >

>>> elapsed("binary_search(srt [11]. name ,srt)",number =10000)

0.2976080000000003

>>> elapsed(’rec_binary_search(srt [11].name ,srt ,0,len(srt))’,

number =10000)

0.42181900000000017 # 40% slower

>> binary_search(’Al Capone ’,srt) # Al Capone is not in the list

>>> rec_binary_search(’Al Capone ’,srt ,0,len(srt))

>>> elapsed("binary_search(’Al Capone ’,srt)",number =10000)

0.2718720000000001

>>> elapsed("rec_binary_search(’Al Capone ’,srt ,0,len(srt))",

number =10000)

0.4183180000000002 # 40% slower
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Binary Search, Recursively, Using Slicing

Here is a second recursive of the same task.

def rec_slice_binary_search(key ,lst):

""" recursive binary search.

lst better be sorted for binary search to work """

n=len(lst)

if n<=0:

return None

elif n==1:

if key==lst [0]. name:

return lst[0]

else:

return None

elif key==lst[n//2]. name:

return lst[n//2]

elif key <lst[n//2]. name: # item cannot be in top half

return rec_slice_binary_search(key ,lst[0:n//2])

else: # item cannot be in bottom half

return rec_slice_binary_search(key ,lst[n//2:n])
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A Second Binary Search, Recursively with Intermediate
Printing

def disp_rec_slice_binary_search(key ,lst):

""" recursive binary search , displaying intermediate results.

lst better be sorted for binary search to work """

n=len(lst)

print(n,lst[n//2])

if n<=0:

print(key ," not found")

return None

elif n==1:

if key==lst [0]. name:

return lst[0]

else:

print(key ," not found")

return None

elif key==lst[n//2]. name:

return lst[n//2]

elif key <lst[n//2]. name: # item cannot be in top half

return disp_rec_slice_binary_search(key ,lst[0:n//2])

else: # item cannot be in bottom half

return disp_rec_slice_binary_search(key ,lst[n//2:n])
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Recursive Binary Search, Example Runs
Input list contains objects from the Student class.

>>> st_list=students (10**5) # names , id generated at random

>>> srt=sorted(st_list)

>>> srt [5000 -2:5000+2] # sample slice

[<Mxqf Ydxpb , 20983125 > , <Mxqnl Asmlk , 47035596 > ,

<Mxqra Djtks , 34760839 > , <Mxqs Ihqszbmg , 25600859 >]

>>> disp_rec_slice_binary_search(srt [10**4//2 -1]. name ,srt)

10000 <Mxqra Djtks , 34760839 >

5000 <Gleadh Fxhq , 46713613 >

2500 <Jsyzbi Wpskvagm , 57644362 >

1250 <Lgn Cdwemf , 33269908 >

625 <Mbf Zrvfbs , 40191094 >

313 <Mlw Jdiskpr , 39567152 >

157 <Mrdiog Agwntkr , 31437982 >

79 <Muiegd Eyjx , 40804133 >

40 <Mwhc Nhzk , 24117233 >

20 <Mwxrjs Lpfg , 39950463 >

10 <Mxjq Lwkqoh , 28878839 >

5 <Mxnh Cmfyu , 39175743 >

3 <Mxqf Ydxpb , 20983125 >

2 <Mxqnl Asmlk , 47035596 >

<Mxqnl Asmlk , 47035596 >
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Recursive Binary Search, Two Additional Example Runs

>>> disp_rec_slice_binary_search(srt [10**4//2]. name ,srt)

10000 <Mxqra Djtks , 34760839 >

<Mxqra Djtks , 34760839 > # smack in the middle

>>> disp_rec_slice_binary_search("Al Capone",srt)# key not existing

10000 <Mxqra Djtks , 34760839 >

5000 <Gleadh Fxhq , 46713613 >

2500 <Dgkybc Fzsiyuaq , 20836310 >

1250 <Bqk Cmpz , 48888472 >

625 <Aue Qtzosne , 33283402 >

312 <Alk Yifzbeph , 37115360 >

156 <Agiy Sodifj , 46931518 >

78 <Aikjq Bcygumlh , 45702032 >

39 <Ajzt Ekut , 38230430 >

20 <Aksbtp Ztmdyp , 27808941 >

10 <Akw Pradbxth , 54052265 >

5 <Aldxsi Jwao , 49743185 >

2 <Aldgo Aqorpdbx , 37914905 >

1 <Akw Pradbxth , 54052265 >

Al Capone not found
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Binary Search, Iterative vs. Recursive
Lets put the two functions to the test of the clock.
>>> from binary_search import *

>>> st_list=students (10**6)

>>> srt=sorted(st_list)

>>> elapsed(’rec_slice_binary_search ("Al Capone",srt)’,number =1)

0.07140300000000366

>>> elapsed(’rec_slice_binary_search ("Al Capone",srt)’,number =100)

6.905284999999992

>>> elapsed(’binary_search ("Al Capone",srt)’,number =200000)

6.1674890000000175

>>> srt [5*10**5+1]. name

’Nad Frowzgx ’

>>> elapsed(’rec_slice_binary_search ("Nad Frowzgx",srt)’,number =1)

0.06951200000000313

>>> elapsed(’binary_search ("Nad Frowzgx",srt)’,number =2000)

0.06343100000000845

So the iterative version is approximately 2000 times faster than the
recursive, sliced version (both for existing and non existing keys).

Food for thought: Why? What is the complexity of the sliced
recursive version? We will get back to this later 17 / 40



Sort and Search

As we saw, binary search requires preprocessing – sorting.

We will introduce one approach to sorting (out of very many).

This approach, quicksort, employs both randomization and recursion.
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Quicksort

Our input is an unsorted list, say
[28, 12, 32, 27, 10, 12, 44, 20, 26, 6, 20, 21].
We choose a pivot element, simply one of the elements in the list.

For example, suppose we chose 20 (the second occurrence). We now
compare all elements in the list to the pivot. We create three new
lists, termed smaller, equal, greater. Each element from the
original list is placed in exactly one of these three lists, depending on
its size with respect to the pivot.

smaller = [12, 10, 12, 6].
equal = [20, 20].
greater = [28, 32, 27, 44, 26, 21].

Note that the equal list contains at least one element, and that both
smaller and greater is strictly shorter than the original list.
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Quicksort (cont.)

What do we do next? We recursively sort smaller and greater,
and then we append the three lists, in order (recall that in Python +

means append for lists).

Note that equal need not be sorted.

return quicksort(smaller) + equal + quicksort(greater)

quicksort(smaller) = [6, 10, 12, 12].
equal = [20, 20].
quicksort(greater) = [21, 26, 27, 28, 32, 44].

Final result:
[6, 10, 12, 12] + [20, 20] + [21, 26, 27, 28, 32, 44]

= [6, 10, 12, 12, 20, 20, 21, 26, 27, 28, 32, 44].

(Original list was

[28, 12, 32, 27, 10, 12, 44, 20, 26, 6, 20, 21].)
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Quicksort: Python Code

import random # a package for (pseudo) random generation

def quicksort(lst):

if len(lst)<=1: # empty lists or length one lists

return lst

else:

pivot = random.choice(lst)

# select a random element from the list

smaller = [elem for elem in lst if elem < pivot]

equal = [elem for elem in lst if elem == pivot]

greater = [elem for elem in lst if elem > pivot]

# ain’t these selections neat?

return quicksort(smaller) + equal + quicksort(greater)

# two recursive calls
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List Comprehension, Efficiency, and Correctness

The creation of new lists from an existing one, as done above, is
generally known as list comprehension. It provides a very convenient
mechanism for writing code, and Python is extremely good at it.

This convenience is good for quickly developing code. It also helps to
develop correct code. But this simplicity and elegance do not
necessarily imply an efficient execution.

For example, our quicksort algorithm goes three times over the
original list. Furthermore, it allocates new memory for the three
sublists. There are versions of quicksort that swap original list
elements, go over the list only once, and reuse the same memory.
They are more efficient, yet more error prone and generally take
longer to develop.

Eventually you will choose, on a case by case basis, which style of
programming to use.
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Quicksort: Convergence and Correctness

Base cases: If the list is either empty or of length one, we do not
recurse but return the list itself (in both cases, such lists are sorted).

Convergence: Each time we make a recursive call, its argument
(either smaller or greater) is strictly shorter than the current list).
When the length hits zero or one, we are at a base case. Thus the
quicksort algorithm always converges (no infinite executions).

Correctness: An inductive argument. If smaller and greater are
sorted, then
quicksort(smaller) + equal + quicksort(larger)

is a sorted list. Its elements are the same as the original list
(multiplicities included), so the outcome is the original list, sorted. ♠
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A Few Words on Asymptotic Run Time Analysis

I An important first step is to explicitly choose n, i.e. as a
function of what parameter you measure the complexity.

I n must be some parameter of the input (usually input size) , but
sometimes there is more then one reasonable choice of n.

I If the input is a string (list of characters), we would choose n to
be the number of characters, neglecting the size of
representation of individual characters (which is anyway bounded
by a small constant)

I If the input is a list of integers, we may either choose n to be
the number of integers in the list, which makes the implied
assumption that each integer is not-so-big, or take the integer
size into account
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A Few Words, Continued

I If the input is an integer, n may be chosen to the number itself
or the number of bits required to represent it (the latter is
common if big numbers are expected)

I There may also be multiple such parameters (e.g. n may be the
length of one input list and m of another)

I It’s all good, as long as you explicitly write what n is, and
analyze the complexity correctly w.r.t. this n.

I In this course we will usually tell you what n is.
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OK, we’ve chosen n, but how to analyze?...

I Much like other math problems, there is no single recipe for
complexity analysis. We aim at understanding the code
progression, and this may involve some intricate arguments and
observations (for some algorithms, this may be the topic of a full
research paper...)

I Luckily there are some standard patterns and tricks

I With loops: check how many times a loop is run (as a function
of the n you have chosen). Look how many operations are done
in each iteration (is a function called?). Are there nested loops?

I With recursion: try to generate and solve a recurrence relation,
as exemplified next.

I As usual, experience helps.

I More on this, in the recitations.
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Quicksort: Pivot Selection

We could take the element with the first, last, or middle index in the
list as the pivot. This would usually work well (assuming some
random distribution of input lists). However, in some cases (e.g. if
the input list is already sorted or close to sorted, and the pivot is the
first or last element) this choice would lead to poor performance
(even though the algorithm will always converge):

The worst case running time to sort a list of n elements occurs if at
each invocation of the function, we choose either the minimum
element as the pivot, or the maximum element. This makes either
smaller or greater to be an empty list.

The resulting run time is O(n2) where n is the number of elements in
the list. This follows from the solution to the recurrence relation
WCT(n)= (n− 1) + WCT(n− 1).
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Quicksort: Pivot Selection, cont.

We could take the element with the first, last, or middle index in the
list as the pivot. This would usually work well (assuming some
random distribution of input lists). However, in some cases (e.g. if
the input list is already sorted or close to sorted, and the pivot is the
first or last element) this choice would lead to poor performance
(even though the algorithm will always converge).

Instead of a fixed choice, the recommended solution is choosing the
pivot at random. With high probability, the randomly chosen pivot
will be neither too close to the minimum nor too close to the
maximum. This implies that both smaller and greater are
substantially shorter than the original list, and yields good
performance with high probability. (At this point this is an intuitive
claim, nothing rigorous.)
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Quicksort: Asymptotic Run Time Analysis

Instead of a fixed choice, the recommended solution is choosing the
pivot at random. With high probability, the randomly chosen pivot
will be neither too close to the minimum nor too close to the
maximum. This implies that both smaller and greater are
substantially shorter than the original list, and yields good
performance with high probability.

It can be shown that the best case and the average case running
times to sort a list of n elements are both O(n · log n) (the “best
case” constant in the big O notation is slightly smaller than the
“average case” constant).
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Quicksort: Run Time (best case and average)

It can be shown that the best case and the average case running time
to quicksort (with random pivot selection) a list of n elements are
both O(n · log n) (the “best case” constant in the big O notation is
slightly smaller than the “average case” constant).

The best case occurs if we are lucky at each invocation of the
function, and pivot is the median, splitting the list to two equal parts
(up to one, if number of list elements is even). The best case run
time satisfies the recurrence relation BCT(n)=(n− 1) + 2·BCT(n/2).

A slightly more complicated expression can be written for ACT(n),
the average case running time. (Rigorous analysis is deferred to the
data structures course.)
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Running Quicksort

>>> stud_list=students (10**6) # one million long

>>> stud_list [10**5]

<Fhjqi Lxbpwsku , 34149953 >

>>> stud_list [10**5+10**4]

<Hzc Hxljstgz , 20779361 >

>>> stud_list [10**5] > stud_list [10**5+10**4]

False

>>> from quicksort import *

>>> sorted_list=quicksort(stud_list) # rather slow

>>> sorted_list [10**5+10**4]

<Cwl Ojntvpa , 51911823 >

>>> sorted_list [10**5]

<Cpy Iolubx , 59613314 >
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Towers of Hanoi

Towers of Hanoi is a well known mathematical puzzle, and no class
on recursion, including this one (a recursive claim in itself :-), is
complete without discussing it.
There are three rods, named A, B, C, and n disks of different sizes
which can be placed onto any rod. The puzzle starts with all n disks
in a stack in ascending order of size on one rod, say A, so that the
smallest is at the top (see figure).
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Towers of Hanoi: Rules of Game

The objective of the puzzle is to move the entire stack of all n disks
to another rod, say C, obeying the following rules:

I Only one disk may be moved at a time.

I Each move consists of taking the upper disk from one of the
rods and sliding it onto another rod, on top of the other disks
that may already be present on that rod.

I No disk may be placed on top of a smaller disk.
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Towers of Hanoi: Recursive Solution
To move n disks from rod A to rod C, using B as a “helping rod”:
If n = 1, simply move one disk directly from rod A to rod C.

Otherwise (namely n ≥ 2):

1. Move n− 1 disks from rod A to rod B, using C as a “helping
rod”.

2. Move the single disc n directly from rod A to rod C.

3. Move n− 1 disks from rod B to rod C, using A as a “helping
rod”.

Correctness:
I During the entire stage (1), disk n stays put on rod A. As it was

the biggest of all n disks, no rule will be violated if some of the
n− 1 disks are placed on top of it during the recursion in (1).

I In step (2), all n− 1 smaller disks are on rod B, so moving disc
n directly from rod A to rod C is kosher.

I The argument for step (3) is identical to the argument for step
(1).
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Towers of Hanoi: Number of Moves

Let us denote by H(n) the number of moves required to solve an n
disc instance of the puzzle.
In the recursive solution outlined above, to solve an n discs instance
we solve two instances of n− 1 discs, plus one actual move. This
gives us the recursive relation

H(n) = 2H(n− 1) + 1 , and H(1) = 1 ,

whose solution is H(n) = 2n − 1. (You should be able to verify the
last equality, using induction.)
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Optimality of Number of Moves

Hey, wait a minute. H(n) = 2n − 1 is the number of moves in the
solution presented above. Can’t we find a more efficient solution?

This is very good thinking in general. But in this case, one can show
(not even that hard) that H(n) = 2n − 1 moves are required from
any solution strategy. (Of course, more inefficient strategies do exist).
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Towers of Hanoi: An Interesting Prefix Property

It is can be seen (not immediate, but not too hard) that to move
n+ 2 disks from rod A to rod C, using B, we first move n disks from
rod A to rod C, using B (and then what?).

So the latter moves are a prefix of the former ones.
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Towers of Hanoi: Python Code

We write a function of four arguments,
HanoiTowers(start,via,target,n).
The first three arguments are the three rods, which have distinct
names. The last argument, n, is the number of discs.

The function returns an ordered list of discs moves.

def HanoiTowers(start,via,target,n):

# returns a list of discs steps to move a stack of n discs from

# rod "start" to rod "target" employing intermediate rod "via"

if n==0:

return []

else:

return HanoiTowers(start,target,via,n-1) \
# \ denotes line continuation

+ [str.format("disk {} from {} to {}", n, start,

target)] \
+ HanoiTowers(via,start,target,n-1)

# two recursive calls
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Towers of Hanoi: Running the Code

>>> Hanoi4=HanoiTowers("A","B","C",4)

# Hanoi4 now contains text of moves for moving 4 discs

>>> for i in range(len(Hanoi4)):

print(i+1,") ",Hanoi4[i])

# print the list plus index of moves (starting from 1, not 0)

1 ) disk 1 from A to B

2 ) disk 2 from A to C

3 ) disk 1 from B to C

4 ) disk 3 from A to B

5 ) disk 1 from C to A

6 ) disk 2 from C to B

7 ) disk 1 from A to B

8 ) disk 4 from A to C

9 ) disk 1 from B to C

10 ) disk 2 from B to A

11 ) disk 1 from C to A

12 ) disk 3 from B to C

13 ) disk 1 from A to B

14 ) disk 2 from A to C

15 ) disk 1 from B to C

It is not a bad idea to verify that this does work (“trust, but check”).
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Two Orthogonal, Technical Comments

str.format is a function that generates a string from a “template”
and from ordered arguments.
>>> str.format(" {} time {} equal {}", 5,6,30)

’5 times 6 equal 30’

>>> x=2; y=3; z=7

>>> str.format(" {} time {} equal {}", x,y,z)

’2 times 3 equal 7’ # garbage in, garbage out

>>> str.format(" {} time {} equal {}","once upon a","all animals

were","but some were more equal")

’once upon a time all animals were equal but some were more equal’

enumerate is a function that gets a sequence, s, and returns a
sequence of tuples (in fact pairs), (i, s[i]).
>>> for name in enumerate(["David","Moshe","David","Levi","Golda",

"Izkhak","Menachem","Izkhak","Simon","Izkhak","Izkhak","Simon"]):

print(name,end=’ ’) # end=’ ’ inserts blanks but no new lines

(0, ’David’) (1, ’Moshe’) (2, ’David’) (3, ’Levi’) (4, ’Golda’) (5,

’Izkhak’) (6, ’Menachem’) (7, ’Izkhak’) (8, ’Simon’) (9, ’Izkhak’) (10,

’Izkhak’) (11, ’Simon’)
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