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Lecture 8: Highlights

• Correctness of Euclid’s gcd algorithm (using invariance):
Revised, corrected version in notes.

• Classes (a very gentle intro to object oriented programming).

• Recursion, and recursive functions.
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Lecture 9: Plan

• Quicksort – a recursive sorting algorithm.

• Towers of Hanoi.

• Recursion pitfalls.

• Approaches to avoiding such pitfalls, demonstrated on the
Fibonacci numbers function.
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Another Manifestation of Recursion (with a twist)

(Cover of Ummagumma, a double album by Pink Floyd, released in 1969.

Taken from Wikipedia. Thanks to Yair Sela for the suggestion.)
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Recursion

A function f(·), whose definition contains a call to f(·) itself, is
called recursive.

A simple example is the factorial function, n! = 1 · 2 · . . . · n.
It can be coded in Python, using recursion, as following:

def factorial(n):

if n==1: return 1

else: return n*factorial(n-1)

A second simple example are the Fibonacci numbers, defined by
F1 = 1, F2 = 1, and for n > 2, Fn = Fn−2 + Fn−1.
Fibonacci numbers can be coded in Python, using recursion, as
following:

def fibonacci(n):

if n<=2: return 1

else: return fibonacci(n-2)+fibonacci(n-1)
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Quicksort

Our input is an unsorted list, say
[28, 12, 32, 27, 10, 12, 44, 20, 26, 6, 20, 21].
We choose a pivot element, simply one of the elements in the list.

For example, suppose we chose 20 (the second occurance). We now
compare all elements in the list to the pivot. We create three new
lists, termed smaller, equal, greater. Each element from the
original list is placed in exactly one of these three lists, depending on
its size with respect to the pivot.

smaller = [12, 10, 12, 6].
equal = [20, 20].
greater = [28, 32, 27, 44, 26, 21].

Note that the equal list contains at least one element, and that both
smaller and greater is strictly shorter than the original list.
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Quicksort (cont.)

What do we do next? We recursively sort smaller and greater,
and then we append the three lists, in order (recall that in Python +

means append for lists).

Note that equal need not be sorted.

return quicksort(smaller) + equal + quicksort(greater)

quicksort(smaller) = [6, 10, 12, 12].
equal = [20, 20].
quicksort(greater) = [21, 26, 27, 28, 32, 44].

Final result:
[6, 10, 12, 12] + [20, 20] + [21, 26, 27, 28, 32, 44]

= [6, 10, 12, 12, 20, 20, 21, 26, 27, 28, 32, 44].

(Original list was

[28, 12, 32, 27, 10, 12, 44, 20, 26, 6, 20, 21].)
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Quicksort: A Graphical Depiction

(Figure curtesy of Amir Rubinstein.)
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Quicksort: Python Code

import random # a package for (pseudo) random generation

def quicksort(lst):

if len(lst)<=1: # empty lists or length one lists

return lst

else:

pivot = random.choice(lst)

# select a random element from the list

smaller = [elem for elem in lst if elem < pivot]

equal = [elem for elem in lst if elem == pivot]

greater = [elem for elem in lst if elem > pivot]

# ain’t these selections neat?

return quicksort(smaller) + equal + quicksort(greater)

# two recursive calls
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List Comprehension, Efficiency, and Correctness

The creation of new lists from an existing one, as done above, is
generally known as list comprehension. It provides a very convenient
mechanism for writing code, and Python is extremely good at it.

This convenience is good for quickly developing code. It also helps to
develop correct code. But this simplicity and elegance do not
necessarily imply an efficient execution.

For example, our quicksort algorithm goes three times over the
original list. Furthermore, it allocates new memory for the three
sublists. There are versions of quicksort that swap original list
elements, go over the list only once, and reuse the same memory.
They are more efficient, yet more error prone and generally take
longer to develop.

Eventually you will choose, on a case by case basis, which style of
programming to use.
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Quicksort: Convergence and Correctness

Base cases: If the list is either empty or of length one, we do not
recurse but return the list itself (in both cases, such lists are sorted).

Convergence: Each time we make a recursive call, its argument
(either smaller or greater) is strictly shorter than the current list).
When the length hits zero or one, we are at a base case. Thus the
quicksort algorithm always converges (no infinite executions).

Correctness: An inductive argument. If smaller and greater are
sorted, then
quicksort(smaller) + equal + quicksort(larger)

is a sorted list. Its elements are the same as the original list
(multiplicities included), so the outcome is the original list, sorted. ♠
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Quicksort: Pivot Selection

We could take the element with the first, last, or middle index in the
list as the pivot. This would usually work well (assuming some
random distribution of input lists). However, in some cases (e.g. if
the input list is already sorted or close to sorted, and the pivot is the
first or last element) this choice would lead to poor performance
(even though the algorithm will always converge):

The worst case running time to sort a list of n elements occurs if at
each invocation of the function, we choose either the minimum
element as the pivot, or the maximum element. This makes either
smaller or greater to be an empty list.

The resulting run time is O(n2). This follows from the solution to
the recurrence relation WCT(n)= (n− 1) + WCT(n− 1) (to be
explained and solved on the board).
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Quicksort: Pivot Selection, cont.

We could take the element with the first, last, or middle index in the
list as the pivot. This would usually work well (assuming some
random distribution of input lists). However, in some cases (e.g. if
the input list is already sorted or close to sorted, and the pivot is the
first or last element) this choice would lead to poor performance
(even though the algorithm will always converge).

Instead of a fixed choice, the recommended solution is choosing the
pivot at random. With high probability, the randomly chosen pivot
will be neither too close to the minimum nor too close to the
maximum. This implies that both smaller and greater are
substantially shorter than the original list, and yields good
performance with high probability. (At this point this is an intuitive
claim, nothing rigorous.)
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Quicksort: Asymptotic Run Time Analysis

Instead of a fixed choice, the recommended solution is choosing the
pivot at random. With high probability, the randomly chosen pivot
will be neither too close to the minimum nor too close to the
maximum. This implies that both smaller and greater are
substantially shorter than the original list, and yields good
performance with high probability.

It can be shown that the best case and the average case running
times to sort a list of n elements are both O(n · log n) (the “best
case” constant in the big O notation is slightly smaller than the
“average case” constant).
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Quicksort: Run Time (best case and average)

It can be shown that the best case and the average case running time
to quicksort (with random pivot selection) a list of n elements are
both O(n · log n) (the “best case” constant in the big O notation is
slightly smaller than the “average case” constant).

The best case occurs if we are lucky at each invocation of the
function, and pivot is the median, splitting the list to two equal parts
(up to one, if number of list elements is even). The best case run
time satisfies the recurrence relation BCT(n)=(n− 1) + 2·BCT(n/2).

A slightly more complicated expression can be written for ACT(n),
the average case running time. (Rigorous analysis is deferred to the
data structures course.)
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Running Quicksort

>>> stud_list=students (10**6) # one million long

>>> stud_list [10**5]

<Fhjqi Lxbpwsku , 34149953 >

>>> stud_list [10**5+10**4]

<Hzc Hxljstgz , 20779361 >

>>> stud_list [10**5] > stud_list [10**5+10**4]

False

>>> from quicksort import *

>>> sorted_list=quicksort(stud_list) # rather slow

>>> sorted_list [10**5+10**4]

<Cwl Ojntvpa , 51911823 >

>>> sorted_list [10**5]

<Cpy Iolubx , 59613314 >
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Quicksort: Closing Remarks

We could further explore and expand upon quicksort:

I Our code allocates additional memory during every recursive
call. There are iterative versions that operate in place.

I Add code for tracking total number of recursive calls in a run.

I Other pivot selection strategies (e.g. median of three random
elements).

I Performance issues: Random vs. sorted inputs.

I Performance issues when sorting huge files.

We will not discuss these in class, yet you will have a chance to look
into them :-)
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Towers of Hanoi

Towers of Hanoi is a well known mathematical puzzle, and no class
on recursion, including this one (a recursive claim in itself :-), is
complete without discussing it.
There are three rods, named A, B, C, and n disks of different sizes
which can be placed onto any rod. The puzzle starts with all n disks
in a stack in ascending order of size on one rod, say A, so that the
smallest is at the top (see figure).

(figure and some text - from Wikipedia)
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Towers of Hanoi: Rules of Game

The objective of the puzzle is to move the entire stack of all n disks
to another rod, say C, obeying the following rules:

I Only one disk may be moved at a time.

I Each move consists of taking the upper disk from one of the
rods and sliding it onto another rod, on top of the other disks
that may already be present on that rod.

I No disk may be placed on top of a smaller disk.

(figure and some text - from Wikipedia)
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Towers of Hanoi: Recursive Solution
To move n disks from rod A to rod C, using B as a “helping rod”:
If n = 1, simply move one disk directly from rod A to rod C.

Otherwise (namely n ≥ 2):

1. Move n− 1 disks from rod A to rod B, using C as a “helping
rod”.

2. Move the single disc n directly from rod A to rod C.

3. Move n− 1 disks from rod B to rod C, using A as a “helping
rod”.

Correctness:
I During the entire stage (1), disk n stays put on rod A. As it was

the biggest of all n disks, no rule will be violated if some of the
n− 1 disks are placed on top of it during the recursion in (1).

I In step (2), all n− 1 smaller disks are on rod B, so moving disc
n directly from rod A to rod C is kosher.

I The argument for step (3) is identical to the argument for step
(1).
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Towers of Hanoi: Number of Moves

Let us denote by H(n) the number of moves required to solve an n
disc instance of the puzzle.
In the recursive solution outlined above, to solve an n discs instance
we solve two instances of n− 1 discs, plus one actual move. This
gives us the recursive relation

H(n) = 2H(n− 1) + 1 , and H(1) = 1 ,

whose solution is H(n) = 2n − 1. (You should be able to verify the
last equality, using induction.)
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Optimality of Number of Moves

Hey, wait a minute. H(n) = 2n − 1 is the number of moves in the
solution presented above. Can’t we find a more efficient solution?

This is very good thinking in general. But in this case, one can show
(not even that hard) that H(n) = 2n − 1 moves are required from
any solution strategy. (Of course, more inefficient strategies do exist).
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Towers of Hanoi: An Interesting Prefix Property

It is can be seen (not immediate, but not too hard) that to move
n+ 2 disks from rod A to rod C, using B, we first move n disks from
rod A to rod C, using B (and then what?).

So the latter moves are a prefix of the former ones.
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Towers of Hanoi: Python Code

We write a function of four arguments,
HanoiTowers(start,via,target,n).
The first three arguments are the three rods, which have distinct
names. The last argument, n, is the number of discs.

The function returns an ordered list of discs moves.

def HanoiTowers(start,via,target,n):

# returns a list of discs steps to move a stack of n discs from

# rod "start" to rod "target" employing intermediate rod "via"

if n==0:

return []

else:

return HanoiTowers(start,target,via,n-1) \
# \ denotes line continuation

+ [str.format("disk {} from {} to {}", n, start,

target)] \
+ HanoiTowers(via,start,target,n-1)

# two recursive calls
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Towers of Hanoi: Running the Code

>>> Hanoi4=HanoiTowers("A","B","C",4)

# Hanoi4 now contains text of moves for moving 4 discs

>>> for i in range(len(Hanoi4)):

print(i+1,") ",Hanoi4[i])

# print the list plus index of moves (starting from 1, not 0)

1 ) disk 1 from A to B

2 ) disk 2 from A to C

3 ) disk 1 from B to C

4 ) disk 3 from A to B

5 ) disk 1 from C to A

6 ) disk 2 from C to B

7 ) disk 1 from A to B

8 ) disk 4 from A to C

9 ) disk 1 from B to C

10 ) disk 2 from B to A

11 ) disk 1 from C to A

12 ) disk 3 from B to C

13 ) disk 1 from A to B

14 ) disk 2 from A to C

15 ) disk 1 from B to C

It is not a bad idea to verify that this does work (“trust, but check”).
25 / 52
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Two Orthogonal, Technical Comments

str.format is a function that generates a string from a “template”
and from ordered arguments.
>>> str.format(" {} time {} equal {}", 5,6,30)

’5 times 6 equal 30’

>>> x=2; y=3; z=7

>>> str.format(" {} time {} equal {}", x,y,z)

’2 times 3 equal 7’ # garbage in, garbage out

>>> str.format(" {} time {} equal {}","once upon a","all animals

were","but some were more equal")

’once upon a time all animals were equal but some were more equal’

enumerate is a function that gets a sequence, s, and returns a
sequence of tuples (in fact pairs), (i, s[i]).
>>> for name in enumerate(["David","Moshe","David","Levi","Golda",

"Izkhak","Menachem","Izkhak","Simon","Izkhak","Izkhak","Simon"]):

print(name,end=’ ’) # end=’ ’ inserts blanks but no new lines

(0, ’David’) (1, ’Moshe’) (2, ’David’) (3, ’Levi’) (4, ’Golda’) (5,

’Izkhak’) (6, ’Menachem’) (7, ’Izkhak’) (8, ’Simon’) (9, ’Izkhak’) (10,

’Izkhak’) (11, ’Simon’)
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Pitfalls of Using Recursion

Every modern programming language, including, of course, Python,
supports recursion as one of the built-in control mechanism.
However, recursion is not the only control mechanism in Python, and
surely is not the one employed most often.

Furthermore, as we will now see, cases where “naive recursion” is
highly convenient for writing code may lead to highly inefficient run
times. For this reason, we will also introduce techniques to get rid of
recursion. We note, however, that in some cases, eliminating
recursion altogether is not possible.
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Pitfall No. 1: Computing Fibonacci Numbers

We coded Fibonacci numbers, using recursion, as following:

def fibonacci(n):

""" plain Fibonacci , using recursion """

if n<=2:

return 1

else:

return fibonacci(n-2)+ fibonacci(n-1)

But surely nothing could go wrong with such simple and elegant
code... To investigate this, let us explore the running time:

28 / 52



DR
AF
T

Pitfall No. 1: Computing Fibonacci Numbers

But surely nothing could go wrong with such simple and elegant
code... To investigate this, let us explore the running time:

>>> import timeit # package for timing

>>> def f30(): # argument-less function

return fibonacci(30)

>>> timeit.timeit(f30,number=1) # number of runs is 1

0.47793102264404297 # runtime in seconds

>>> def f35():

return fibonacci(35)

>>> timeit.timeit(f35,number=1)

5.083601951599121

>>> def f40():

return fibonacci(40)

>>> timeit.timeit(f40,number=1)

57.300830125808716

>>> def f45():

return fibonacci(45)

>>> timeit.timeit(f45,number=1)

640.264349937439 # almost 11 minutes!!!
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Inefficiency of Computing Fibonacci Numbers

What is causing this exponential growth in running time?

def fibonacci(n):

""" plain Fibonacci , using recursion """

if n<=2:

return 1

else:

return fibonacci(n-2)+ fibonacci(n-1)

Going over the computation mentally (or inserting print commands to
track execution “physically”), we observe that fibonacci(1),
fibonacci(2), fibonacci(3), etc. are computed over and over.
This is highly wasteful and causes a huge overhead.
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Count: Measuring the Inefficiency
We can easily modify the code, so it also counts the number of
function invocations, using a global variable, count.
def count fibonacci(n):

""" plain recursive Fibonacci,

plus counting no. of function invocations """

global count # counting number of function invocations

count+=1

if n<=2:

return 1

else:

return count fibonacci(n-2)+count fibonacci(n-1)

>>> count=0

>>> count fibonacci(20)

6765

>>> count

13529

>>> count=0

>>> count fibonacci(40)

102334155

>>> count

204668309 # over 200 million invocations
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Count vs. fibonacci(n)

>>> count=0

>>> count fibonacci(20)

6765

>>> count

13529

>>> count=0

>>> count fibonacci(30)

832040

>>> count

1664079

>>> count=0

>>> count fibonacci(40)

102334155

>>> count

204668309 # over 200 million invocations

Can you see some relation between the returned value and count?
Do you think this is a coincidence?
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Intuition for Efficiently Computing Fibonacci Numbers

Instead of computing from scratch, we will introduce variables
fib[1], fib[2], fib[3],.... Each such variable will be
computed just once. Rather than recomputing it, we will fetch the
value from memory, when needed.

33 / 52
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Memorization, Memoization, Dynamic Programming

Instead of computing from scratch, we will introduce variables
fib[1], fib[2], fib[3],.... Each such variable will be
computed just once. Instead of recomputing it, we will fetch the
value from memory, when needed.

The technique of storing values instead of re-computing them has
different names in different contexts: It is known as memorization, a
term coined by Donald Michie in 1968. In programming languages
like Lisp (of which Scheme is a variant), where recursion is used
heavily, there are programs to do this optimization automatically, at
run time. These are often termed memoization.

In other contexts, such as stringology, this technique (remember and
reuse computed values, rather than re-computing them) is often used
as part of dynamic programming.
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Fibonacci Numbers: Recursive Code with Memoization

We will use a dictionary – an indexed data structure that can grow
dynamically. This dictionary, which we name fib, will contain the
Fibonacci numbers already computed.
We initialize the disctionary with fib dict[1]=1 and
fib dict[2]=2.

fib_dict ={1:1 ,2:1}

# initial fib dictionary with first two elements

def fibonacci2(n):

""" recursive Fibonacci , employing memorization in a dictionary """

if n<=2:

return 1

elif n not in fib_dict:

fib_dict[n]= fibonacci2(n-2)+ fibonacci2(n-1)

# mutates fib_dict

return fib_dict[n]
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Recursive Fibonacci Code with Memoization
fibonacci2 is recursive, with exactly the same control flow of
fibonacci, only it stores intermediate values that were already
computed. This small change implies a huge performance difference:
>>> def f40():

return fibonacci(40)

>>> timeit.timeit(f40,number=1) # number of runs is 1

57.300830125808716 # almost 1 minute!

>>> def f40b():

return fibonacci2(40)

>>> timeit.timeit(f40b,number=1000000) # number of runs is 1,000,000

0.6655950546264648 # much faster

>>> def f45():

return fibonacci(45)

>>> timeit.timeit(f45,number=1) # number of runs is 1

640.264349937439 # almost 11 minutes!!!

>>> def f45b():

return fibonacci2(45)

>>> timeit.timeit(f45b,number=1000000) # number of runs is 1,000,000

0.6832180023193359 # consistent improvement

>>> def f800b():

return fibonacci2(800) # n=800

>>> timeit.timeit(f800b,number=1) # number of runs is 1

0.002012968063354492 # consistent improvement
36 / 52
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Pushing Performance to the Limit

>>> def f1000b():

return fibonacci2(1000) # impossible without memorization

>>> timeit.timeit(f1000b,number=1) # number of runs is 1

0.00438690185546875 # fluctuates from run to run

>>> timeit.timeit(f1000b,number=100) # number of runs is 100

7.486343383789062e-05 # miraculous speedup!

We will leave you to ponder about this amazing speedup. But now
that we are so fast, we push for larger and larger arguments.
>>> fibonacci2(2000)

RuntimeError: maximum recursion depth exceeded

What the $#*& is going on?
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Python Recursion Depth

While recursion provides a powerful and very convenient means to
designing and writing code, this convenience is not for free. Each
time we call a function, Python (and every other programming
language) adds another “frame” to the current “environment”. This
entails allocation of memory for local variables, function parameters,
etc.

Nested recursive calls, like the one we have in fibonacci2, build a
deeper and deeper stack of such frames.

Most programming languages’ implementations limit this recursion
depth. Specifically, Python has a default limit of 1,000 on recursion
depth. However, the user (you, that is), can modify the limit (within
reason, of course).
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Changing Python Recursion Depth

You can import the Python sys library, find out what the limit is,
and also change it.
>>> import sys

>>> sys.getrecursionlimit() # find recursion depth limit

1000

>>> sys.setrecursionlimit(20000) # change limit to 20,000

>>> fibonacci2(2000)

422469633339230487870672560234148278257985284025068109801028013731430858

437013070722412359963914151108844608753890960360764019471164359602927198

331259873732625355580260699158591522949245390499872225679531698287448247

299226390183371677806060701161549788671987985831146887087626459736908672

288402365442229524334796448013951534956297208765265606952980649984197744

8720155612802665404554171717881930324025204312082516817125 # hurray

As you have probably noticed by now, the course staff (esp. the
lecturer) is always grumpy and never satisfied. So now we want to
see if we can solve this task without using recursion at all.
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Fibonacci Numbers: Iterative (Non Recursive) Solution

We notice that to compute Fibonacci numbers, the recursion can be
eliminated altogether:

We will maintain a list data structure, which will be called fibb. Its
elements will be fibb[0],fibb[1],fibb[2],...,fibb[n] (n+ 1
elements altogether).

Upon generating the list, all its values are set to 0. Next, we initialize
the values fibb[1]=1,fibb[2]=1, like before.

And then we simply iterate, determine the value of the k-th element,
fibb[k], after fibb[k-2], and fibb[k-1] were already determined.

No recursion implies no nested function calls, hence reduced overhead
(and no need to confront Python’s recursion depth limit :-).
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Iterative Fibonacci Solution: Python Code

def fibonacci3(n):

""" iterative Fibonacci , employing memorization in a list """

if n <= 2:

return 1 # initial values

else:

fib_list =[0 for i in range(0,n+1)]

# initialize size n+1 list with zeroes

fib_list [1]=1

fib_list [2]=1

for k in range(3,n+1):

fib_list[k]= fib_list[k-1]+ fib_list[k-2]

# update next element

return fib_list[n]
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Recursive vs. Iterative: Timing

Let us now do some performance comparisons:
fibonacci2 vs. fibonacci3:

>>> import sys

>>> sys.setrecursionlimit(20000) # increase recursion depth

def fib10000b(): return fibonacci2(10000) # recursion + memoization

def fib10000c(): return fibonacci3(10000) # iterative

>>> timeit.timeit(fib10000b, number=1)

0.08031296730041504

>>> timeit.timeit(fib10000c, number=1)

0.018113136291503906

The outcome: a multiplicative factor 4 improvement in running time.
Not something to brag about, yet not to be frowned upon either.
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Finally: Iterative Fibonacci Solution Using Less Memory

No, we are not satisfied yet (at least we have something in common
with Sir Michael Philip Mick Jagger :-)

Think about the algorithm’s execution flow. Suppose we have just
executed the assignment fibb[4]=fibb[2]+fibb[3]. This entry
will subsequently be used to determine fibb[5] and fibb[6]. But
then we make no further use of fibb[4]. It just lies, basking happily,
in the memory (much like good old Agama stellio).

The following observation holds in “real life” as well as in the
“computational world”: Time and space (memory, at least a
computer’s memory) are important resources that have a
fundamental difference:
Time cannot be re-used, while space can be.

43 / 52
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Iterative Fibonacci Code Reusing Memory
At any point in the computation, we can maintain just two values,
fibb[k-2] and fibb[k-1]. We use them to compute fibb[k], and
then reclaim the space used by fibb[k-2] to store fibb[k-1] in it.

In practice, we will maintain two variables, previous and current.
Every iteration, those will be updated. Normally, we would need a
third variable next for keeping a value temporarily. However Python
supports the “instantaneous” assignment of multiple variables (first
the right hand side is evaluated, then the left hand side is assigned).

def fibonacci4(n):

""" iterative Fibonacci , employing just two variables """

if n <= 2:

return 1 # initial values

else:

previous =1

current =1

for i in range(3,n+1):

current , previous=previous+current , current

# simultaneous assignment

return current
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Iterative Fibonacci Code, Reusing Memory: Performance

Reusing memory can surely help if memory consumption is an issue.
Does it help with runtime as well?

def fib10000c():

return fibonacci3(10000) # iterative

>>> timeit.timeit(fib10000c, number=1)

0.018113136291503906 # fluctuates from one execution to the next

def fib10000d():

return fibonacci4(10000) # iterative + memory reuse

>>> timeit.timeit(fib10000d, number=1)

0.013903141021728516 # fluctuates from one execution to the next

We see that there is about 20-25% saving in time. Not so dramatic,
but significant in certain circumstances.

45 / 52



DR
AF
T

Closed Form Formula

And to really conclude our Fibonacci excursion, we note that there is
a closed form formula for the n-th Fibonacci number,

Fn =

(
1+
√
5

2

)n
−
(
1−
√
5

2

)n

√
5

.

You can verify this by induction. You will even be able to derive it
yourself, using generating functions (studied in the discrete
mathematics course).
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