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Lecture 7: Highlights

• Integer greatest common divisor.

• Euclid’s gcd algorithm.

• Using gcd statistics to approximate 6/π2 ≈ 0.6079271.

• Searching in unordered lists and in ordered lists.

• Sequential search vs. binary search.
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Lecture 7: Python Highlights

I The sorted() function for sorting lists.

I The antigravity package.
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Lecture 8: Plan

• Correctness of Euclid’s gcd algorithm (using invariance):
Brought to you by popular demand.

• Classes (a very gentle intro to object oriented programming).

• Recursion, and recursive functions.
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Euclid’s gcd Algorithm

During the last lecture, we said that Euclid’s gcd algorithm is based
on the following invariant (an invariant is a property that remains true, or

a value that is unchanged, before and after applying some transformation):

Suppose 0 < ` < k, then gcd(k, `) = gcd(k mod `, `).

We skipped a formal proof of this observation, but decided (following
some queries from the vanishing audience) this is not such a good
idea.
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Euclid’s gcd: Proof of Correctness (by popular demand)

Suppose 0 < ` ≤ k. We first show that gcd(k, `) = gcd(`, k − `).
• Denote g = gcd(k, `), h = gcd(`, k − `).
• Since g divides both k and `, it also divides k − `.
• Thus it divides both ` and k − `.
• Since h is the greatest common divisor of ` and k − `, every

divisor of ` and k − ` divides h (think of primes’ powers).

• As g is a divisor of both, we conclude that g divides h.

• A similar argument shows that any divisor of ` and k − ` is also
a divisor of k.

• Thus h divides the gcd of k and `, which is g.

• So g divides h and h divides g.

• They are both positive, therefore g equals h ♣
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Euclid’s gcd: (Correct) Proof of Correctness (cont.)

Suppose 0 < ` ≤ k. We just showed that gcd(k, `) = gcd(k − `, `).
• If k − ` < `, then k mod ` = k − `, and we are done.

• Otherwise, k − ` ≥ `. gcd(k, `) = gcd(k − `, `).
• Repeating the previous argument, gcd(k − `, `) = gcd(k − 2`, `).

• There is a unique m ≥ 1 such that k mod ` = k −m`.
• By the argument above,

gcd(k, `) = gcd(`, k − `) = gcd(`, k − 2`) = gcd(`, k − 3`) =
. . . = gcd(`, k −m`) = gcd(`, k mod `) ♠

Note: In case you were wondering, ♠, ♦, ♥, ♣ will frequently be
used (by us, that is) to denote end of proof. Alternatively, end of
proof is denoted by QED, or quod erat demonstrandum, meaning, in
Latin, “which was to be demonstrated”.
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Proof of Correctness: Invariant

In every iteration of Euclid’s algorithm, we replace (k, `) by
(`, k mod `), until the smaller number equals zero.

The claim above means that at each iteration, the gcd is invariant.
At the final stage, when we have (g, 0), we return their gcd, which
equals g.

By this invariance, g indeed equals the gcd of the original (k, `) ♦
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Object Oriented Programming (OOP)

OOP is a major theme in programming language design, starting with
Smalltalk in the late 1970s (out of the legendary Xerox Palo Alto
Research Center, or PARC, where many other ideas used in today’s
computer environment were invented).

Entities in programs are modeled as objects. They represent
encapsulations that have their own functions, termed methods.
Creation and manipulation of objects is done via their methods.

This approach enables modular design. It facilitates software
development by different teams, where each team works on its own
object, and communication among objects is carried out by well
defined methods’ interfaces.

Python supports object oriented style programming (maybe not up to
the standards of OOP purists). We’ll describe some facets, mostly via
concrete examples.
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Student Class in Python
class Student:

def __init__(self):

self.name = generate_name ()

self.id = random.randint (2*10**7 ,6*10**7)

def __repr__(self):

return " <{name}, {id}>".format (** self.__dict__)

def __lt__(self , other):

return self.name < other.name

def is_given_name(self ,word):

return self.name.startswith(word+" ")

The Student class has two fields: name, and id. These fields can be
accessed directly, and values can be assigned to them directly.

init , repr , lt , is given name are methods of this
class. As can be guessed from the names of the first two, they are
used for initializing an object in this class, describe how it is
represented (when printing such an object).
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Student Class in Python, cont.

class Student:

def __init__(self):

self.name = generate_name ()

self.id = random.randint (2*10**7 ,6*10**7)

def __repr__(self):

return " <{name}, {id}>".format (** self.__dict__)

def __lt__(self , other):

return self.name < other.name

def is_given_name(self ,word):

return self.name.startswith(word+" ")

init , repr , lt , is given name are methods of this
class. The third method, lt , describes how comparison (<, less
than) of two such objects is determined. This enables us to sort lists
containing objects of this class, for example.
The fourth method, is given name, checks if the name field starts
with the argument in word, followed by a blank.
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Student Class in Python: Example

>>> students_list

[<Or , 39316939 > , <Yana , 52061841 > , <Amir , 49419212 > ,

<Roee , 40604275 > , <Noa , 24908823 > , <Gal , 56592426 > ,

<Barak , 29548638 > , <Rina , 52552066 > , <Tal , 57995311 > ,

<Lielle , 43513357 > , <Shady , 46042015 > , <Yuval , 32125900 > ,

<Walt Disney , 27907836 >]

>>> len(students_list)

13

>>> students_list [0]. is_given_name("Yuval")

False

>>> students_list [11]. is_given_name("Yuval")

False

>>> students_list [12]. is_given_name("Walt")

True

In case you did not notice, Walt Disney has joined our class (no. 109,
and hopefully the last one to join). There are some plausible reasons
why you never saw him present. The most reliable one, IMHO, is
that he stays home and watches the video footage.
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Generating Names At Random: Python Code

alphabet = ’abcdefghijklmnopqrstuvwxyz ’

def generate_name ():

""" generate a random first (given) name with 3-6 letters ,

space , and a random family name with 4-8 letters """

first=random.sample(alphabet ,random.randint (3,6))

family=random.sample(alphabet ,random.randint (4 ,8))

name=str.join("", first) + " " + str.join("", family)

return str.title(name)

>>> for i in range (5):

generate_name ()

’Oudwab Ngyzb’

’Slhbm Jnypu’

’Sxufj Drhbs’

’Cjdrhm Wqhxve ’

’Snoc Lvcso ’
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Playing with the Student Class
def students(n):

return [ Student () for i in range(n)]

>>>names=["Or","Yana","Amir","Roee","Noa","Gal","Barak",

"Rina","Tal","Lielle","Shady","Yuval","Walt Disney"]

>>>students_list=students (13)

>>>for i in range (13):

students_list[i].name=names[i]

>>>for i in range (13):

print(students_list[i])

<Or, 39316939 >

<Yana , 52061841 >

<Amir , 49419212 >

<Roee , 40604275 >

<Noa , 24908823 >

<Gal , 56592426 >

<Barak , 29548638 >

<Rina , 52552066 >

<Tal , 57995311 >

<Lielle , 43513357 >

<Shady , 46042015 >

<Yuval , 32125900 >

<Walt Disney , 27907836 >
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Testing Equality for the Student Class

>>> students_list [11]== students_list [12]

False # why should one expect equality?

>>> students_list [11]. name=students_list [12]. name

>>> students_list [11]. id=students_list [12].id

>>> students_list [11]. name== students_list [12]. name

True

>>> students_list [11]. id== students_list [12]. id

True

>>> students_list [11]== students_list [12]

False # well , this IS unexpected

We conclude that equality of the two different fields does not imply
equality of the corresponding Student objects.

We can, however, define equality explicitly, as an additional method
of the class. This method will be called eq . It will describe how
equality (==) of two such objects is determined. The interpreter
“understands” that this method will be used when a conditional
involving == of two Student objects is evaluated.
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Defining and Retesting Equality for the Student Class

class Student:

def __init__(self):

self.name = generate_name ()

self.id = random.randint (2*10**7 ,6*10**7)

def __repr__(self):

return " <{name}, {id}>".format (** self.__dict__)

def __eq__(self , other):

return self.name == other.name \

and self.id == other.id

def __lt__(self , other):

return self.name < other.name

def is_given_name(self ,word):

return self.name.startswith(word+" ")

>>> students_list [11]. name=students_list [12]. name

>>> students_list [11]. id=students_list [12].id

>>> students_list [11]== students_list [12]

True # desired effect
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And Now For Something Completely Different: Recursion

(taken from http://www.dominiek.eu/blog/?m=200711) 17 / 27
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Recursion

A function f(·), whose definition contains a call to f(·) itself, is
called recursive.

A simple example is the factorial function, n! = 1 · 2 · . . . · n.
It can be coded in Python, using recursion, as following:
def factorial(n):

if n==1:

return 1

else:

return n*factorial(n-1)

A second simple example is the Fibonacci numbers, defined by
F1 = 1, F2 = 1, and for n > 2, Fn = Fn−2 + Fn−1.
A Fibonacci numbers function can be programmed in Python, using
recursion, as following:
def fibonacci(n):

if n<=2:

return 1

else:

return fibonacci(n-2)+fibonacci(n-1)
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Recursion and Convergence

At first sight, one may suspect that the recursive definitions above
will lead nowhere. Or in other words, that they are cyclical and will
never converge. This surely is not the case, and for specific instances
one can simply run the code and get the (correct) answers.

>>> factorial(19)

121645100408832000

>>> fibonacci(21)

10946

There are two keys to correct design of recursive functions. The first
one is to have a base case (one or more), which is the halting
condition (no deeper recursion). In the factorial example, the base
case was the condition n==1. In the Fibonacci example, it was n<=2.
The second “design principle” is to make sure that all executions, or
“runs”, of the recursion lead to one of these base cases.
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Recursion and Cyclicity

Recursive definitions that are cyclical will naturally not converge. A
famous example is the following “dictionary definition” of recursion:

Recursion
re·cur·sion
n. Mathematics

See ”Recursion”.
[from Latin recursus, past participle of recurrere, to run back;
see recur.]

You may also explore Google’s version.

20 / 27
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Choice of Base Cases

Recursive definitions that are seemingly proper may in fact diverge
(lead to an infinite loop), due to unforeseen conditions in which the
base cases are never reached. Consider, for example, the factorial
function,

>>> factorial(1.9)

>>> factorial(0)

will both create an infinite loop.

(How would you fix it? Does it need fixing in the first place?)
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More Complicated Recursion

A pair of functions f(·), g(·), where the definition of the first
function, f(·), includes a call to the second function, g(·), and the
definition of the second function, g(·), includes a call to the first
function, f(·), are also called recursive functions.
This definition generalizes to more functions as well.

The following example is due to Douglas R. Hofstadter, the well
known cognitive scientist (and physicist, mathematician, computer
scientist, etc.), who is possibly best known as the author of the book
“Gödel, Escher, Bach: an Eternal Golden Braid”. It involves the
Female (F) and Male (M) sequences, defined on the next slide.
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Hofstadter Female and Male Sequences

Are defined as following:

F (0) = 1, M(0) = 0,
F (n) = n−M(F (n− 1)), n > 1
M(n) = n− F (M(n− 1)), n > 1

The following Python code computes these sequences:

def female(n):

if n<=0:

return 1

else:

return n - male(female(n-1))

def male(n):

if n<=0:

return 0

else:

return n - female(male(n-1))
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Sorting
One of the most frequent operations computers perform is sorting.

Given a list of elements (with an underlying total order), sort the
elements.
Sorting typically applies to lists consisting of real numbers (under the
relation “greater than”) or strings (under the relation “lexicographic
order”).

sorted([55,67,55,89,00,17])==>[0, 17, 55, 55, 67, 89]

sorted(["Reuben", "Simeon", "Levi", "Judah", "Dan", "Naphtali",

"Gad", "Asher", "Issachar", "Zebulun", "Benjamin", "Ephraim",

"Manasse"])

==>[’Asher’, ’Benjamin’, ’Dan’, ’Ephraim’, ’Gad’, ’Issachar’,

’Judah’, ’Levi’, ’Manasse’, ’Naphtali’, ’Reuben’, ’Simeon’,

’Zebulun’]

# the twelve (actually 13) tribes, in case you forgot

Sorting is one of the most explored algorithmic topics. We will
present one approach, one (of many) where recursion is used. Python,
naturally, has a built in sorting function, sorted(). However, we
want to understand how such function is recursively built.
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Quicksort

Our input is an unsorted list, say
[32,54,41,33,67,22,10,99,66,77,13,96,97,41,17,18,41,97,33,21].
We choose a pivot element, simply one of the elements in the list.
For example, suppose we chose 33. We now compare all elements in
the list to the pivot. We create three new lists, termed smaller,

equal, greater, and place each element from the original list in
exactly one of them, depending on their size relation to the pivot.
In our case, the results are

smaller = [32,22,10,13,17,18,21].
equal = [33,33].
greater = [54,41,67,99,66,77,96,97,41,41,97].

Note that the equal list contains at least one element, and that both
smaller and greater is strictly shorter than the length of the
original list.
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Quicksort (cont.)

Our input is an unsorted list, say
[32,54,41,33,67,22,10,99,66,77,13,96,97,41,17,18,41,97,33,21].
At stage one, we got

smaller = [32,22,10,13,17,18,21].
equal = [33,33].
greater = [54,41,67,99,66,77,96,97,41,41,97].

What do we do next? We recursively sort smaller and larger, and
then we append the three lists, in order (recall that in Python +

means append for lists).
return quicksort(smaller) + equal + quicksort(larger)

Note that equal need not be sorted.

Base cases: If the list is either empty or of length one, we do not
recurse but return the list itself (in both cases, such lists are sorted).

26 / 27



DR
AF
T

Quicksort: Python Code

import random # a package for (pseudo) random generation

def quicksort(lst):

if len(lst)<=1: # empty lists or length one lists

return lst

else:

pivot = random.choice(lst)

# select a random element from list

smaller = [elem for elem in lst if elem < pivot]

equal = [elem for elem in lst if elem == pivot]

greater = [elem for elem in lst if elem > pivot]

# ain’t these selections neat?

return quicksort(smaller) + equal + quicksort(greater)

# two recursive calls

Remark: The creation of new lists from an existing one, as done
above, is generally known as list comprehension. It provides a very
convenient mechanism for writing code, and Python is extremely
good at it.
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