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Lecture 24: Plan

• Generators and Iterators conbined with primes and with recursion

• Undecidability of the halting problem.
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And Now to Something Completely Different:
Generators and Iterators, Again
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A Prime Numbers Generator

We give additional examples of iterators. The first one is a simple
iterator that produces all prime numbers, one by one.

def primes ():

""" a generator for all prime numbers """

primes = set()

n = 2

while True:

isPrime = True

for p in primes:

if n % p == 0:

isPrime = False

break # get out of inner loop only

if isPrime:

primes.add(n)

yield n

n += 1

This generator of primes employs the simplest possible sieve.
Q.: We keep all the primes we yield, so why do we use a generator?
Q.: why did we use set and not list for primes?
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A Prime Numbers Generator: Execution Example
>>> prim = primes ()

>>> for i in range (8):

next(prim)

2

3

5

7

11

13

17

19

>>> for i in range (8):

next(prim)

23

29

31

37

41

43

47

53

>>> type(prim)
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A Permutations Generator

The following generator∗ produces all permutations of a given (finite)
set of elements. The elements should be given in an indexable object
(e.g. list, tuple, or string)

def permutations(elements ):

if len(elements) <=1:

yield elements

else:

for perm in permutations(elements [1:]):# all except first

for i in range(len(elements )): # location to insert first

yield perm[:i] + elements [0:1] + perm[i:]

It allows one to produce all permutations, one by one, without
generating or storing all of them at the same time.

Note the use of recursion in a generator

∗Slight modification of code from code.activestate.com/recipes/252178/
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A Permutations Generator: Execution Example
Let us run this on a few short strings

>>> a = permutations("mit")

>>> while True:

try:

next(a)

except StopIteration: # a is exhausted

break

’mit’

’imt’

’itm’

’mti’

’tmi’

’tim’

Alternatively, if we know the size is under control

>>> a = permutations("mit")

>>> list(a)

[’mit’, ’imt’, ’itm’, ’mti’, ’tmi’, ’tim’]

>>> a = permutations("") # the empty string

>>> list(a)

[’’]
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Anything We Can Do, Guido can Do Better.
For reference only

Current versions of Python feature the itertools package, which
contain functions creating iterators for efficient looping of various
types: Cartesian products, permutations, combinations with
repetitions and without repetitions, and much more
>> import itertools

>>> a = itertools.permutations ([1 ,2 ,3])

>>> list(a)

[(1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), (3, 1, 2), (3, 2, 1)]

>>> a = itertools.permutations("mit")

>>> next(a)

(’m’, ’i’, ’t’)

Note that the output of itertools.permutations is given in a
different format than our previous permutation generator.
>>> a = itertools.permutations ([1,2,3],r=2)

# combinations of 2 elements w/o repetitions

>>> list(a)

[(1, 2), (1, 3), (2, 1), (2, 3), (3, 1), (3, 2)]
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And Now to Something Completely Different:
The Halting Problem and Alan M. Turing
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A Benign Loop
The following function ignores its input, x, prints all integers in the
finite range starting from k=1 and ending at k=7. Upon leaving the
loop, it proudly prints (and hence displays) "hello, world!".

def stoppy(x):

i=0

while i<7:

i=i+1

print(i)

return "hello , world!"

>>> stoppy("amir")

1

2

3

4

5

6

7

’hello , world!’

Once k reached 7, the while’s condition becomes False. The
execution leaves the loop, returns "hello, world!", and halts.
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An Infinite Loop

The following function ignores its input, x, prints all integers, starting
from 1, and then proudly returns ‘‘yes, we can!’’.

def loopy(x):

i=0

while True:

i=i+1

print(i)

return "yes , we can!"

>>> loopy("benny")

1

2

3

4

5

6

7

# aborted manually

Alas, since the condition in the while is always True, the execution
is in an infinite loop. This execution thread was aborted manually.
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Avoiding Infinite Loops

Infinite loops, or in general programs that do not halt, are one of the
nightmares of programmers when designing computer programs.

>>> stoppy("amir")

>>> loopy("benny")

For the two simple pieces of code above, it is easy to check and even
formally verify that indeed stoppy halts on every x, while loopy

enters an infinite loop on every x, and never halts. But for more
complicate and intricate programs, determining if a function halts on
a certain input is not so easy. Yet, how bad can this be?

Idea: Computers are omnipotent, right? So how about writing a
computer program, Halt(f,x), which will do such checking (does f

halt on input x) for us, and thus warn us about such mishaps before
they happen?

12 / 25



The Halting Problem

(modified from a presentation by Sivan Toledo)
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Alan Mathison Turing:
The Halting Problem is Undecidable

(modified from a presentation by Sivan Toledo)
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Alan Mathison Turing:
The Halting Problem is Undecidable

Turing has shown that no computer program can check if a computer
code (say written in Python) will halt or enter an infinite loop.

This is a fundamental limitation of computations. Not just a
limitation of a specific programming language or a manifestation of
incompetence of today’s programmers.
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Self Reference

We are going to provide a complete proof of the undecidability of the
halting problem. You can find a nice clip that presents a proof in
https://www.youtube.com/watch?v=92WHN-pAFCs

The key idea in the proof is self reference. Specifically, we will derive
a contradiction by having a specific function (called modify) that
refers to itself in a cunning† way.

We already saw functions in Python whose arguments are functions.
For example, diff param, introduced way back in the course’ history

def diff_param(f,h=0.001):

# when h not specified , default value h=0.001 is used

return(lambda x: (f(x+h)-f(x))/h)

However, in the proof, we will derive a contradiction when applying
modify to itself, namely when considering modify(modify).

To prepare the ground for modify(modify), we will first introduce
self reference in a more benign setting.
†having or showing skill in achieving one’s ends by deceit or evasion
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Self Reference, cont.

To prepare the ground for modify(modify), we will first introduce
self reference in a more benign setting.

def self(x):

’’’ self gets a parameter x which can be a function ’’’

if isinstance(x,(int ,float ,list ,tuple ,str)):#any of these types

return x*2

else: # in this case , we assume x is a function

return self (17)

Let us apply self to a number of different arguments:

>>> self (5)

10

>>> self("benny")

’bennybenny ’

>>> self(self)

34

>>> self(self(self))

68
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Self Reference, cont. cont.
The plot thickens. We now consider a more intricate version of self.
def self2(x):

’’’ self2 gets an argument x which can be a function ’’’

if isinstance(x,(int ,float ,list ,tuple ,str)):#any of these types

return x*2

else: # in this case , we assume x is a function

y = 1

while True:

print(y)

y += 1

return "g’day , mate"

Will self2 halt when we apply it to itself?
>>> self2(self2)

1

2

3

4

5

# KeyboardInterrupt

Nope !
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We Are Finally Ready for The Proof

19 / 25



SCOOPING THE LOOP SNOOPER

A proof that the Halting Problem is undecidable
by Geoffrey K. Pullum‡

No general procedure for bug checks will do.
Now, I won’t just assert that, I’ll prove it to you.
I will prove that although you might work till you drop,
you cannot tell if computation will stop.

See complete text at
http://www.lel.ed.ac.uk/∼gpullum/loopsnoop.html

‡School of Philosophy, Psychology and Language Sciences, University of
Edinburgh
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The Halting Problem is Undecidable: Non Rhyming Proof

Suppose, towards a contradiction, that there is a program (a high
order function) Halt(f,x), which resolves the halting problem. This
means that on inputs f (a function of one variable), and x (an input
to f), Halt(f,x) returns True if f halts on x, and False otherwise.

Furthermore, we assume that Halt(·, ·) itself halts on every pair of
inputs f,x.

Note that if running f on x leads to an error (for whatever reason –
incorrect format, overflow, wrong type, etc., etc.) we consider this as
a halting of f on x.
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The Halting Problem is Undecidable: Proof, cont.

We now construct a new function, modify, which employs
Halt(f,x) in a cunning fashion.

The function modify gets as an input a function, f. This means that
modify itself is a higher order function. However, at this stage in the
course, we are neither scared nor impressed by higher order functions.

def modify(f):

if Halt(f,f): # f(f) halts

i=0

while True:

i=i+1

return "g’day , mate!"

else: # f(f) does not halt

return "yes , we can!"
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The Halting Problem is Undecidable: Proof, cont2

What will happen if we apply modify to itself, namely invoke
modify(modify). Specifically, will it halt or not?

To make the presentation clear, lets explicitly look at the code when
we substitute modify for the formal argument, f.

# what will the code of modify(modify) look like

if Halt(modify ,modify ): # modify(modify) halts

i=0

while True:

i=i+1

return "g’day , mate!"

else: # modify(modify) does not halt

return "yes , we can!"

If modify(modify) halts, then the condition in the if is satisfied, so
the execution enters an infinite loop.

If modify(modify) does not halt, then the condition in the if is not
satisfied, so the execution returns ”yes, we can!” and halts.
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The Halting Problem is Undecidable: Proof, Concluded

# what will the code of modify(modify) look like

if Halt(modify ,modify ): # modify(modify) halts

i=0

while True:

i=i+1

return "g’day , mate!"

else: # modify(modify) does not halt

return "yes , we can!"

If modify(modify) halts, then the condition in the if is satisfied, so
the execution enters an infinite loop.

If modify(modify) does not halts, then the condition in the if is not
satisfied, so the execution returns ”yes, we can!” and halts.

So modify(modify) halts if and only if modify(modify) does not
halt. Contradiction! ♠
(Contradiction to the existence of Halt(f,x), which solves the
halting problem.)
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The Halting Problem is Undecidable: Reflections

The key idea in the proof is self reference – deriving a contradiction
by applying modify to itself. You will see this idea in other contexts
(or, at least, courses) as well. Perhaps the two better known ones are:

Georg Cantor’s diagonalization technique, used to prove that the real
numbers are not enumerable (Georg Ferdinand Ludwig Philipp
Cantor, 1845–1918).

Kurt Gödel incompleteness theorem, showing that in any “rich
enough” and consistent mathematical axiomatic system, like Number
Theory, there are claims (theorems) that are not provable, nor is their
complement provable. Gödel developed a method to describe
(encode) claims by integers, so that it is possible to express in his
system a claim saying ‘‘I am not provable’’. (Kurt Friedrich
Gödel, 1906–1978)
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