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Algorithmic Approaches 

• Throughout the course, you have been exposed to several 
algorithmic approaches and techniques. 
• Binary search, memoization,… 
• Choice of Data structure  

 

• When facing some computational problem, one should take into 
consideration these approaches, each with its pros and cons. 
 

• Then devise an algorithm following this approach 
 

     Or invent a new approach… 
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Complexity 
• A important measure for an algorithm's efficiency 

 
• Time complexity 

• number of operations / concrete time measurement 
• as a function of the input size 

 

• Space complexity 
• maximal number of memory cells allocated simultaneously at any specific step 

of the algorithm 
• as a function of input size 

 

• Recall the key difference between time and space:  
  time cannot be reused. 

 

• The O(…) notation 
• a convenient formalization of complexity 
• asymptotic 
• correlates to "rate of growth" 

• rather than absolute number of operations 
• hides multiplicative constants and negligible additives 3 

n0 

c ∙ g(n) 

t(n) 

t(n) = O(g(n)) 



Iterative Algorithms 

• Algorithms are not limited to a linear sequence of operations – they 
usually include control structures. 
 

• A basic control structure is the loop (an even more basic one is the 
conditional – if). 
 

• In low level languages (assembly), a loop is implemented with a goto 
statement. 
 

• Most high-level programming languages include while and for loops. 
• In Python, for loops are somewhat safer, as they are normally used to iterate 

over finite collections.  
    This is not the case in all languages 
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• Some basic iterative patterns (c is some constant independent of n): 
 
 
 
 
 
 
 
 
 
 
 

 
• Things get more complicated when we have nested loops that are 

dependent, as we have seen in many occasions throughout the course. 

Complexity of Iterative Algorithms 
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1.  i = 1 

2.  while  i < n: 

3.         i = i +1 

1.  i = 1 

2.  while  i < n: 

3.        i = i + c 

1.  i = n 

2.  while  i > 1: 

3.         i = i - c 

1.  i = 1 

2.  while  i < n: 

3.         i = i *2 

1.  i = 1 

2.  while  i < n: 

3.         i = i *c 

1.  i = n 

2.  while  i > 1: 

3.         i = i / c 

O(n) 

O(logn) 

(c >0) 

(c >1) 



Worst / Average Case Complexity 
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• In many cases, for the same size of input, the content of the input 
itself affects the complexity. 
• Examples we have seen? Examples in which this is not the case? 

 
• Note that this statement is completely illogical: 

"The best time complexity is when n is very small…" 
 

Default: Worst case complexity  
 

• Sometimes the average complexity is more informative (e.g. when 
the worst case is rather rare). 
However analyzing it is usually more complicated, and requires some 
knowledge on the distribution of inputs. 
Assuming distribution is uniform: 

 

examples from our course?  
- hash operation are O(1) on average (not including comparing/hashing elements) 
- Quicksort runs on average in O(nlogn) (also best case) 
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Recursive Algorithms 
• Divide – Conquer – Join 

Solve smaller instances of the problem and join them 
 

• Tips: 
1. First define the recursion step: think about only 1 level of the 

recursion. Then adjust the appropriate base conditions 
2. If subproblems repeat, consider memoization to speedup solution 

 
• Recursive algorithms seen in our course: 

Lectures: 
- Fibonacci, n!, binary search (also seen iterative), Quicksort, Mergesort, Hanoi,… 

 
Recitations: 

- Binom, the "change" problem, maximum (several versions), … 
 

HW: 
- tree stuff (heavyPath, mirror), munch, … 
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Recursion Trees 
• A useful tool for understanding and analyzing recursion. 
     Recall the Fibonacci recursion tree analysis: 
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O(n) 

O(n/2) 

 = c(1+2+...+2(n/2)-1) = c(2n/2-1)  = O(2n/2) = O(√2n) 

 = c(1+2+...+2n-1) = c(2n-1)  = O(2n)  

Each node requires O(1) time. 



Recurrence Relations 
• Another, more compact and formal description of recursive 

processes is recurrence relations. 
 

• Recall the formula for Quicksort's best case 
 

  t(n) = 2t(n/2) + O(n) 
 

• This allows easy categorization of the recursive "pattern": 
• how many recursive calls? 
• of what size each? 
• how much time beyond recursion (for the divide and join stages) 
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Recursive Formulae Summary 
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מעבר פעולות  דוגמא

 לרקורסיה

קריאות  

 רקורסיביות

 סיבוכיות נוסחת נסיגה

Maximum(with no 

slicing, cut1) ,עצרת 

1 N-1 T(N)=1+T(N-1) O(N) 

 N/2 T(N)=1+T(N/2) O(log N) 1 חיפוש בינרי

Quicksort (worst case) 

Maximum(with slicing, 

cut1) 

N N-1 T(N)=N+ T(N-1) O(N2) 

Mergesort 

Quicksort (best case) 

Maximum (slicing, cut 

in middle) 

N N/2 ,N/2 T(N)=N+2T(N/2) O(N log N) 

 slicing N N/2 T(N)=N+T(N/2) O(N)בינארי עם  חיפוש

Maximum (no slicing, 

cut in middle) 

1 N/2 ,N/2 T(N)=1+2T(N/2) O(N) 

 N-1, N-1 T(N)=1+2T(N-1) O(2N) 1 האנוי



Randomized Algorithms 
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Greedy Algorithms 
• Do what's best now! 
     Do not look at the larger "picture" 
 
 
• The simple version of Ziv-Lempel compression that we have learned 

is greedy. 
 

 

• Huffman tree construction is also greedy. 
 

• Greediness does not necessarily pay off  
     (computationally speaking) 
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Parallel / Distributed Algorithms 

(for reference only) 
• Parallel – if 2 subtasks are 

independent, solve them 
at the same time by 2 
computers 
 

In parallel computing 
there is a central 
computing unit that acts 
as the "manager" of the 
whole process 
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• Distributed – several computing 
units interact with each other, 
but there is no high level 
"manager". 



Designing a solution 

• Related to the algorithmic approach, but not 
necessarily coupled with it, is the high-level design of 
a solution 

 

•It usually involves breaking down a big problem to 
smaller ones 

 

•Abstraction is important 
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One more example: n-queens 
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n-queens 

•Question: given an nXn chess board, how (and if) can we 
place n queens on the board such that: 

•Every queen is in a separate square 
•There are no two queens in the same row 
•There are no two queens in the same column   
•There are no two queens in the same diagonal 

 
•Input: dimensions of the board (n) 
•Output: number of possible (legal) solutions 
•As a bonus we will also enumerate the solutions 
themselves 
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Solution: Overall structure 

•We build the solution incrementally, column by column 

•We maintain a partial solution (implemented as a list). The 
partial solution is initially empty. 

•We try to extend partial solutions recursively 

by placing a queen in each possible row in the next column. 

•We check if adding a queen to a given partial solution is legal. 
If it is, the partial solution is extended  (and number of 
remaining columns decreased by 1). 

•Once all columns are exhausted, we have a solution 

(contributing 1 to the overall number of solutions), and we try 
finding another one 
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Procedural design 

def queens(n): 

    ''' how many ways to place n queens on an nXn board? '''  

 

def queens_rec(n, partial): 

    ''' Given a list representing partial placement of queens, can 
we legally extend it? ''‘ 

 

def legal(partial, i): 

    ''' Can we place a queen in the next column in row i ? ''' 
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Main function 

 

def queens(n): 

    ''' how many ways to place n queens on an nXn board? ''' 

    partial = []    # list representing partial placement of queens 

    return queens_rec(n, partial) 
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Recursive Function 

 

•First idea: generate all boards, then test if legal 

 

•Optimization:  
• An illegal partial board cannot become legal by adding 
more queens  

• So we can check for legality as we go and disqualify illegal 
partial boards 
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Recursive function 

def queens_rec(n, partial): 
    ''' Given a list representing partial placement of queens, 
        can we legally extend it ? ''' 
    if len(partial)==n: #all n queens are placed legally 
        print(partial) #not required, but used to print all sols 
        return 1 
    else: 
        cnt=0 
        for i in range(n): 
            if legal(partial,i): #try to place a queen in row i of the next column 

                cnt += queens_rec(n, partial+[i]) 
        return cnt 
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Legal predicate 

 

 

def legal(partial, i): 

    ''' Can we place a queen in the next column in row i ? ''' 

   left = [j for j in partial if j==i] 

   diag_up = [j for j in partial if j-partial.index(j) == i-len(partial)] 

   diag_down = [j for j in partial if j+partial.index(j) == i+len(partial)] 

   res = (left == diag_up == diag_down == []) 

  return res 
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Summing up 



What have we learned  
(a complete list NOT( 

•Python programming basics 
•Conditionals, iterations, lists, functions, variables, strings, memory model… 
•Lists slicing and list comprehension. Immutable and mutable objects. 

 
•Bits, bytes, and representation of numbers in the computer. 
 

•Numerical computations, including  
•Fast exponentiation, Newton-Raphson root finding and GCD. 

 
•Searching, Sorting, Merging. 

•Binary search in various contexts. 
 

•Large integers; applications to primality testing and public key 
cryptography. 
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What have we learned  
(a complete list NOT( 

 

•Computational Complexity 

 

•Recursion and memoization 

 

•High-order functions 

 

•Introduction to OOP 
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What have we learned  
(a complete list NOT( 

•Data structures 

•Linked Lists, Binary Trees,  Hashing and hash functions, iterators and 
generators,…. 

 

•Introduction to Synthetic images and Digital Image Processing 

 

•Introduction to Text processing 

• String matching (including Karp-Rabin) 

• String compression (including Huffman and Ziv-Lempel) 

 

•Introduction to Error-Correcting Codes 

 

•Limitations of Computation 
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The exam 

 

•All material covered in class, recitations, and homework, from all 

parts of the course. 

•Both “semi closed" and "open" questions. 

•Including some coding (“dry coding"), and possibly also 
understanding/fixing a given code. 

•Small syntax errors will in general be ignored unless they change the 
semantics of the program (or are not really small). 

•Make sure you verbally explain your code. 

 

 

• You can bring and use two double sided A4 (normal size) pages. 
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The exam (Important) 

• The classrooms will be divided according (also) to the 

lecture groups, so make sure you know which one you are 
registered to (01 or 04). 

 

•There will be a forum dedicated to the exam, you may use it 
to ask questions. 

 

•Questions during the exam should be limited to clarifications 
of the exam questions.  
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